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Abstract— The use of intra/inter-cellular calcium ion (Ca2+)
signaling for molecular communication (MC) is investigated
in this paper. In particular, the elevation of the intracellular
Ca2+ concentration upon the external excitation, i.e., Ca2+ wave
generation, and the intercellular propagation of Ca2+ wave over
consecutive cells are studied for information transmission. The
main objective of this paper is to develop a linear channel
model for intra/inter-cellular Ca2+ MC. In this context, the
end-to-end Ca2+ MC system is studied under three blocks: the
wave generation, the gap junctional (intercellular) propagation,
and the intracellular propagation. The wave generation block
captures the intracellular Ca2+ signaling pathway including the
release of Ca2+ from the organelles and the buffers inside
a cell, and the intake from the extracellular space. The gap
junctional (intercellular) propagation block captures the Ca2+
transition through the gap junctions between the touching cells.
The intracellular propagation block defines the effect of the
cytoplasmic diffusion. Using the developed blocks for the different
biophysical phenomena, the end-to-end channel gain and delay
formulas are derived. Furthermore, the bit error probability is
studied to reveal the impact of the detection threshold. This work
provides the basis for the modeling, analysis and the design of
Ca2+ MC systems.

Index Terms— Bit error probability, channel modeling,
intercellular Ca2+ waves, intracellular Ca2+ signaling, molecular
communication.
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I. INTRODUCTION

MOLECULAR communication (MC) is expected to
enable a wide range of applications in vivo including

the monitoring of biochemicals, the detection of pathogens, the
point-of-care diagnosis of cell anomalies, and the smart drug
delivery [1]. In the literature, several different biochemical
signaling mechanisms have been investigated for the infor-
mation transmission using molecules, such as bacterial signal
transduction [2], [3], molecular motors [4], [5], ion channels
between cardiomyocytes [6], pheromones [7], drug delivery
systems [8], [9], and receptor-ligand kinetics [10] in the last
decade. Apart from the aforementioned molecular signaling
techniques, Ca2+ signaling is proposed for the development
of a MC system in [11]. The propagation of the Ca2+ signals
through the consecutive cells touching each other provides
an information transmission mechanism for MC as shown
in Fig. 1. In this work we focus on the intra/inter-cellular Ca2+
signaling as the information transmission technique similar
to [11].

The Ca2+ signals have been found to participate in many
biological functions in both animal and plant cells [12]–[18].
In addition to the important role in electrically excitable
muscle cells and neurons for contraction [19] and synaptic
transmission [20], respectively, the regulatory role of the Ca2+
signals have also been observed for non-excitable cells, e.g.,
during fertilization in oocytes [21] and depending on hormone
stimulation in hepatocytes [22], [23].

As shown in Fig. 1, for MC with Ca2+ signals, the transmit-
ter side is composed of the external excitation and the wave
generating cell(s). The external excitation such as extracellular
elevation of the agonist or Ca2+ concentration leads to increase
in the internal Ca2+ concentration, i.e., the generation of the
Ca2+ wave, at the source cell. In Ca2+ signaling, the touching
neighbor cells can serve as a communication channel, and
connect the transmitter side and the receiver side. The Ca2+
wave is transferred to the touching neighbor cells through the
gap junctions, which results in the intercellular Ca2+ wave
propagation. Through the consecutive cells, the Ca2+ wave
propagates until it reaches the receiver side which can be
composed of a measurement system, e.g., based on the light
emission and confocal microscopy [24]. The receiver samples
the received Ca2+ level and performs the desired actuation,
such as for example, drug injection [25].

For the end-to-end Ca2+ MC system, the following scenario
can be considered as an example: a sensor placed beneath
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Fig. 1. Conceptual illustration of the Ca2+ signaling over consecutive cells
touching each other. First, the Ca2+ level is elevated, i.e., Ca2+ wave is
generated in the cell where the external excitation is applied. Then, the Ca2+
wave repetitively propagates through the gap junctions and diffuses inside the
cytoplasm. The Ca2+ wave reaches to the destination cell where the samples
are taken and the received signal is deduced.

the smart tissue can trigger elevation of Ca2+ level. Then,
this wave can propagate through the tissue towards the cells
next to skin. The samples from cells immediately below the
skin can be utilized to detect any transmitted information from
the deep tissue. The use of intercellular Ca2+ waves for the
information transmission can bring significant advantages for
the applications of MC in the health monitoring and point-of-
care diagnosis systems. However, the Ca2+ wave is exposed
to the channel impairment effects while propagating through
the multi-cellular biophysical environment as shown in Fig. 2,
which represents the unique features for MC. Therefore, a
thorough analysis of the multi-cellular biophysical dynamics is
required to realize the MC with the intercellular Ca2+ waves.

The mathematical modeling of Ca2+ signaling mechanisms
has been a research field of interest in recent years. Many
intracell and intercell models with different biophysical details
have been proposed in accordance with the experimental
evidence [26]–[28]. In addition to the biophysical modeling,
various approaches have been developed recently under MC
domain for the simulation of different factors contributing
to the Ca2+ signaling mechanisms to evaluate the MC per-
formance [11], [29], [30]. Based on the activity of enzymes
in the intracellular Ca2+ signaling pathway, the intercellular
Ca2+ waves can propagate in a diffusive manner through the
gap junctions and the regenerative factors can be neglected at
the intermediate cells along the propagation path [36]. Using
this fact, aside from the studies based on the simulation,
the objective of this study is to develop a linear channel
model that captures the attenuation and delay characteristics
of MC with intercellular Ca2+ waves. A linear channel model
can be solved directly, and the methodologies developed to
assess performance of linear communication systems can also
be applicable for MC with intercellular Ca2+ waves, e.g.,
detection and estimation theory and information theory for
linear channels [31], [32]. To the best of our knowledge, this
is the first attempt to develop a linear channel model for the
Ca2+ MC that considers the end-to-end effects of intracellular
wave generation and its relation to the intercellular signaling.

In this paper, first, the biophysical mechanisms of Ca2+
signaling are elaborated for the electrically non-excitable

cells. Then, the linear modeling of the end-to-end MC with
intra/inter-cellular Ca2+ signaling is studied under the three
blocks: Ca2+ wave generation, the intercellular gap junctional
propagation, and the intracellular diffusion propagation as
shown in Fig. 2. The wave generation block is developed
based on the intracellular Ca2+ signaling pathway including
the release of Ca2+ from the organelles (stores) and the buffers
inside a cell, and the intake from the extracellular space. The
gap junctional propagation block incorporates the Ca2+ ion
transition through the gap junctions among the touching cells
addressing the successful gap junction opening probability,
the gap junctional permeability, and the gap junctional delay.
The intracellular propagation block includes the effect of the
cytoplasmic diffusion. The receiver samples the peak value
of the Ca2+ concentration at the cell N as shown in Fig. 2.
Furthermore, the noise effects due to the biochemical reactions
in Ca2+ wave generation and the imperfect measurements
at the receiver are also incorporated. Consequently, a linear
end-to-end channel model is obtained for the Ca2+ molecular
communication systems.

Additionally, using the developed linear channel model,
the bit error probability is studied for the pulse amplitude
modulation (PAM). The impact of the pulse level difference on
the end-to-end binary information transmission performance
is specifically investigated. Numerical results are presented to
provide an insight into the impact of the biophysical parame-
ters on the channel characteristics and the error probability
for MC with intra/inter-cellular Ca2+ signaling. In particular
the Ca2+ wave propagation range is studied in terms of the
number of cells along the propagation path.

The linear channel modeling and the bit error probability
analysis are aimed to facilitate the modeling, analysis and the
design of information transmission schemes considering the
biophysical dynamics of the Ca2+ MC systems. Furthermore,
the linear channel modeling effort can enable the reverse
engineering of the biological systems with intra/inter-cellular
Ca2+ signaling and estimation of the biophysical parameters
of the tissues.

The paper is organized as follows. Section II gives the foun-
dations on the biophysical mechanisms of the Ca2+ signaling.
The linear channel modeling framework for intra/inter-cellular
Ca2+ MC is developed in Section III. Section IV presents the
analysis for the bit error probability. The numerical results
are given in Section V. Lastly, the paper is concluded in
Section VI.

II. BIOPHYSICAL FOUNDATIONS OF Ca2+ SIGNALING

The Ca2+ signaling systems can regulate a wide range of
cellular processes and work at different time-scales [26]. For
example, Ca2+ signaling operates in the milliseconds range at
the synaptic junction, while protein synthesis and cell division
require Ca2+ signaling mechanisms to operate in the range
varying from minutes to hours. In the following, we provide an
overview of the intracell and the intercellular Ca2+ dynamics.

A. Intracellular Ca2+ Signaling Pathway

Here, we focus on Ca2+ transients in the electrically
non-excitable cells. The level of Ca2+ in the cytoplasm is
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Fig. 2. Block diagram representation of the intra/inter-cellular Ca2+ molecular communication channel. The blocks represent the different biophysical
phenomena, i.e., the wave generation, the gap junctional (intercellular) propagation, and the diffusion (intracellular) propagation, that the information carrying
Ca2+ wave undergoes during the end-to-end propagation.

TABLE I

DEFINITION AND VALUES OF THE BIOPHYSICAL PARAMETERS

determined by the on and off reactions that cause increase
and decrease in Ca2+ concentration, respectively. The Ca2+
signaling pathway is composed of different reactions based
on the type of the cell.

Various types of stimuli including extracellular agonists and
intracellular messengers can cause elevation of the Ca2+ level
in the cytoplasm. The Ca2+ is provided by the internal stores
or the external medium. As a result of the on and off reactions
in the signaling pathway, the Ca2+ pulse is generated. In the
literature, a set of mass balance equations are used to model
each Ca2+ variable in the intracellular Ca2+ signaling pathway
[26], [27].

In this work, a model with three types of Ca2+ concentration
variables, i.e., the cytoplasmic Ccyt, the store (organelles)
calcium Cstr, and calcium buffers B , is utilized from [33].
The extracellular Ca2+ that enters the cell from the outside is
taken as the external excitation source for the Ca2+ signaling
pathway. The kinetic model is described by the following
equations [33]:

∂Cstr

∂ t
= −k1(h + h0)(Cstr − Ccyt)+ V3

C2
cyt

K 2
4 + C2

cyt
(1)

∂Ccyt

∂ t
= k1(h + h0)(Cstr − Ccyt)− V3

C2
cyt

K 2
4 + C2

cyt

+k5(h + h0)(Cext − Ccyt)− V6
C2

cyt

K 2
7 + C2

cyt

−k2Ccyt B + k2(Btotal − B) (2)
∂B

∂ t
= −k2Ccyt B + k(Btotal − B) (3)

where k1 is the rate of Ca2+ release and influx for the store,
k2 is the binding constant of Ca2+ for the buffers, V3 is the

maximum rate of Ca2+ intake to the store, K4 is disassociation
constant for the store calcium, Btotal is the total calcium buffer
concentration, and the definitions as well as the values of the
other biophysical parameters are listed in Table I. The values
of the biophysical parameters listed in Table I are based on the
values in [33]. The change of Ca2+ in store organelles with
respect to the store release and take in rate constants, and
Ccyt is described in (1). The balance equation in (2) relates
the change of cytoplasmic Ca2+ to the Ca2+ concentration
in the intracellular store, the free buffer in the cytoplasm, and
extracellular matrix, as well as their corresponding release and
take in rate constants. The process of Ca2+ binding to the free
buffer in the cytoplasm is defined in (3).

B. Intercellular Ca2+ Signaling Through Gap Junctions

The intercellular Ca2+ signaling can either provide the
synchronization of the Ca2+ level with the neighboring cells or
serve as long-range signaling pathway via wave propagation.
The synchronization of Ca2+ level in cells has been studied
via both analytical and experimental studies [34]. For example,
in response to hormones, i.e., vasopressin and noradrenalin.
The Ca2+ level in hepatocytes is shown to be synchronized
via gap junctional coupling [34]. Apart from synchronization,
the Ca2+ wave propagation can provide information transfer
via forming a signaling pathway over touching neighboring
cells. During the course of this work, we focus on the Ca2+
wave propagation over consecutive cells.

The Ca2+ wave propagation speed of the gap junctional
path is much faster than the propagation by diffusion across
the extracellular space [19], [35]. Therefore, the extracellular
propagation is neglected, and the gap junctional signal propa-
gation has been the interesting feature to capture Ca2+ wave
propagation characteristics in analytical modeling efforts [36].
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Additionally, the intercellular Ca2+ wave propagation is
controlled by the internal Ca2+ wave regeneration mechanisms
in the intermediate cells along the propagation path. The
intermediate cells can enhance the intercellular Ca2+ wave via
the internal Ca2+-induced Ca2+ release process. The Ca2+
wave regeneration at the intermediate cells is attributed to
the gap junctional propagation of the elevated IP3 together
with Ca2+ wave from the stimulated cell and the activity
of the PLCδ enzyme at the intermediate cells [36]. PLCδ
activity determines the IP3 production in the presence of Ca2+.
In this paper we assume the PLCδ enzyme activity is low, such
that the Ca2+ wave regeneration at the intermediate cells is
negligible. We focus on solely Ca2+ propagation through the
gap junction connections between the touching cells.

III. LINEAR END-TO-END CHANNEL MODEL

We model the Ca2+ signaling based on the elementary parts
that form the end-to-end propagation path as shown in Fig. 2.
The information is assumed to be encoded in the amplitude
of the Ca2+ wave by signal transduction [37]–[39], and the
extracellular Ca2+ (Cext) is assumed as external excitation
factor. We first model the wave generation according to the
intracellular signaling pathway given in Section II-A. Then,
we model the intercellular Ca2+ wave propagation via gap
junctional transfer of Ca2+ through touching neighboring cells.
We also study the intracellular propagation of Ca2+ waves via
diffusion. Lastly, the noise effects on intercellular Ca2+ waves
are discussed, and the end-to-end channel model is presented.

A. Ca2+ Wave Generation

Here, based on the quantitatively described intracellular
signaling pathway in Section II-A, we study the Ca2+ wave
generation dynamics. The cytoplasmic Ca2+ level is elevated
at the source cell where the external stimuli is applied. Here,
we investigate the steady-state and the transient response of
the Ca2+ wave generation to develop a linear model and obtain
the delay for the wave generation elementary block.

The steady-state response is defined as

η = lim
t→∞ Ccyt(t) (4)

where Ccyt is the cytoplasmic Ca2+ concentration. To obtain
the steady-state response, we set the time derivatives to 0
in (1), (2), and (3) and obtain the following set of equations:

0 = V3
C2

cyt

K 2
4 + C2

cyt
− k1(h + h0)(Cstr − Ccyt) (5)

0 = k1(h + h0)(Cstr − Ccyt)− V3
C2

cyt

K 2
4 + C2

cyt
− k2Ccyt B

+k−2(Btotal − B)+ k5(h + h0)(Cext − Ccyt)

−V6
C2

cyt

K 2
7 + C2

cyt
(6)

0 = k−2(Btotal − B)− k2Ccyt B (7)

where the definitions of the parameters are listed in Table I.
Under the biophysical condition steady-state response is much

Fig. 3. The intracellular Ca2+ wave generation with respect to the different
extracellular Ca2+ excitation levels.

less than the external Ca2+ concentration (η � Cext), the
steady-state value, i.e., η, can be obtained as [33]

η = K7

√
k5(h + h0)Cext

V6 − k5(h + h0)Cext
. (8)

The transient response of the Ca2+ wave generation is
approximated via using the solution of a first order linear
differential equation as

Ccyt(t) ≈ C init
cyt + (η − C init

cyt )(1 − e−tβ) (9)

where C init
cyt is the initial cytoplasmic Ca2+ concentration,

β is the elevation rate of cytoplasmic Ca2+. The transient Ca2+
elevation is illustrated based on (9) in Fig. 3 for β = 10s−1,
C init

cyt = 0.5 μM, and extracellular calcium values, i.e., Cext,
of 1500 μM, 2500 μM, and 3500 μM. For the numerical
results, the parameter values are given in Table I.

Since the steady-state is reached at t = ∞, to calculate the
delay at the generation block, we use the 90% of the steady-
state value, i.e., 0.9η, which is given as

Cpeak
cyt (t) = 0.9η. (10)

Using (9), we obtain

0.9η = C init
cyt + (η − C init

cyt )(1 − e−τgenβ). (11)

Finally, the wave generation delay τgen is obtained
from (11) as

τgen = − 1

β
log

(
1 − 0.9η− C init

cyt

η − C init
cyt

)
. (12)

For different intracell Ca2+ signaling pathways, the steady-
state and transient response can be obtained following the
provided approach in this section. Similarly, the provided
approach to calculate the wave generation delay can be
used for different intracellular Ca2+ signaling pathways by
exploiting the steady-state response assumption. Therefore, the
additional wave generation blocks can be developed by using
the provided approach here based on the selected empirical
model of the intracellular Ca2+ signaling.
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B. Intercellular Gap Junctional Propagation

Here, we study the gap junctional propagation of
Ca2+ signals. The intercellular gap junctional propagation
gain is calculated for the N cells along the shortest delay
path between the source where the cell Ca2+ waves are
generated and the last cell where the samples are taken.
The gap junctions exist at the borders of touching neigh-
boring cells. Here, we extend the model of gap junctional
Ca2+ wave propagation in [36] considering the time-scale of
Ca2+ transition.

The spatial change of the Ca2+ concentration through the
gap junctions between the n−1th and nth cell can be described
via the following

−D(n)
Ca

∂C(n)
cyt

∂x
|
x=l(n)jct

= P(n)Ca

τ
(n)
gap

(
C(n−1)

cyt (l−,n−1
jct , τ−,n−1

jct )

− C(n)
cyt (l

+,n
jct , τ

−,n
jct )

)
(13)

where n is the cell number along the propagation path, D(n)
Ca is

the diffusion constant for Ca2+, P(n)Ca is the permeability of
the gap junction, l(n)jct is the gap junction position, τ (n)jct is
the time instant Ca2+ wave reaches to the gap junctions
between the n − 1th and the nth cell along the propagation
path, Ccyt(l

−,n−1
jct , τ−,n−1

jct ) represents the Ca2+ level in the cell

where Ca2+ diffuses from, and Ccyt(l
+,n
jct , τ

−,n
jct ) represents the

Ca2+ level in the cell where Ca2+ diffuses towards.
We assume that the initial Ca2+ concentration in the touch-

ing neighboring cells before the intercellular wave propagation
is on a negligible level. Hence, we set

C(n)
cyt (l

+,n
jct , τ

−,n
jct ) = 0. (14)

Accordingly, we obtain the transition rate of Ca2+ to the next
cell as

−∂C(n)
cyt

∂x
|
x=l(n)jct

= 1

τ
(n)
gap

P(n)Ca

D(n)
Ca

C(n−1)
cyt (l−,n−1

jct , τ−,n−1
jct ). (15)

The gap junctions are activated via the elevation of the Ca2+
concentration level inside the cell. Ca2+ ions are transferred
to the next cell during this open interval of gap junctions,
which is represented by τ (n)gap and in the range of a few hundred
milliseconds. We denote the effective gap junctional transition
rate of Ca2+ wave by θn , and is defined based on (15) as

θn = 1

τgap

P(n)Ca

D(n)
Ca

. (16)

The gap junctions are activated probabilistically. ξn denotes
the probability of gap junction opening for the Ca2+ ions
transition in the active interval. Assuming Sn gap junctions
exist in between two touching cells, the number of open
gap junctions sn out of Sn gap junctions is modeled via the
binomial distribution as

Pr{sn junctions open} =
(

Sn

sn

)
ξn

sn (1 − ξn)
Sn−sn . (17)

For large Sn , the Binomial distribution can be approximated
as Gaussian distribution:

sn ∼ N (Snξn, Snξn(1 − ξn)). (18)

Considering both spatial and temporal dynamics, the
Ca2+ wave injected to the nth cell after the gap junctional
propagation is given by

∂2C(n)
cyt

∂x∂ t
|
x=l(n)jct ,t=τ (n)jct

= sn

Sn
θnC(n)

cyt (l
−,n−1
jct , τ−,n−1

jct )

δ(x − l+,njct , t − τ+,n
jct )

(19)

where δ is the Dirac delta function. The received Ca2+ level
after the gap junctional propagation is represented as

C(n)
cyt (l

(n)
jct , τ

(n)
jct ) =

∫ ∫
D

∂2C(n)
cyt

∂x∂ t
dxdt

= sn

Sn
θnC(n)

cyt (l
−,n−1
jct , τ−,n−1

jct ) (20)

where D = [l−,njct , l
+,n
jct ] × [τ−,n

jct , τ
+,n
jct ]. The gain for the

intercellular gap junctional propagation block is obtained as

α
(n)
inter = E{C(n)

cyt (l
(n)
jct , τ

(n)
jct )}

C(n)
cyt (l

−,n−1
jct , τ−,n−1

jct )

= ξn
1

τ
(n)
gap

P(n)Ca

D(n)
Ca

(21)

where E is the expectation operator.

C. Intracellular Diffusion Propagation

To model the spatial concentration propagation in the cell,
the solution of the diffusion equation for a point source
placed at the outlet of the gap junction is used. The diffusion
equation relates the temporal concentration change in the
concentration level to the spatial concentration change. The
diffusion equation is given by

∂C(n)
cyt (x, t)

∂ t
= D(n)

Ca

∂2C(n)
cyt (x, t)

∂x2 (22)

where D(n)
Ca is the Ca2+ diffusion constant for cytoplasm in

the nth cell. D(n)
Ca captures the effects of cell boundaries and

molecular crowding for intracellular diffusion propagation.
The solution of the diffusion equation in (22) for a point source
input is given by

C(n)
cyt (x, t) = 1√

4πD(n)
Ca τ

(n)
cyt

e−(x2/4DCaτ
(n)
cyt ) (23)

where τ
(n)
cyt is the delay for propagation of Ca2+ in the

cytoplasm.
To calculate the amount of Ca2+ traversing through the cell

and reaching the neighboring cell, we use the solution of diffu-
sion equation given in (23). We consider the delay τ (n)intra inside
the cell required for the ions to reach to the gap junctions with
the neighboring cell along the downstream propagation path.
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Fig. 4. Intracellular gain for the propagation through cytoplasm in (26) with
respect to the different Ca2+ diffusion constant DCa values.

We also incorporate the gap junction opening duration τ (n)gap.
The delay of cytoplasmic propagation by diffusion is given by

τ
(n)
cyt = τ

(n)
intra + τ (n)gap (24)

where τ (n)intra can be obtained using the solution of the diffusion
equation as [40]

τ
(n)
intra = (l(n)cell)

2

2D(n)
Ca

(25)

where l(n)cell is the intracellular propagation path length.
For the signal reception, we consider the propagation of the

leading edge of the Ca2+ wave arriving at the gap junction
region. Therefore, the channel gain α(n)intra for the intracellular
propagation block is calculated for a delay of τ (n)intra as given
in (24). Accordingly, we calculate the intracellular channel
gain α(n)intra as the amount of Ca2+ concentration that reaches
the gap junction region with the touching neighboring cell
along the propagation path as

α
(n)
intra

= 2
∫ ∞

l(n)cell

C(n)
cyt (x, t)dx

= 2
∫ ∞

l(n)cell

1√
4πD(n)

Ca (τ
(n)
intra + τ

(n)
gap)

e−(x2/4DCa(τ
(n)
intra+τ (n)gap))dx

= 2Q

(
l(n)cell

2D(n)
Ca (τ

(n)
intra + τ

(n)
gap)

)
(26)

where Q(·) is the tail probability of the standard normal
distribution.

In Fig. 4, the channel gain for the intracellular diffusion
α
(n)
intra is studied based on (26). For different DCa values, the
α
(n)
intra is equal to ≈ 1, when the intracellular propagation path

length lcell is varied from 3 to 12 μm. Therefore, for the
considered cell length and Ca2+ diffusion constant ranges, the
effect of intracellular diffusion propagation is found to be not
consequential.

D. Noise Analysis

The cytoplasmic Ca2+ elevation is composed of contribution
of calcium intake from various elements in the intracellular
Ca2+ signaling pathway. For example, in the model we
adopted for Ca2+ wave generation [33], the cytoplasmic Ca2+
is contributed by the Ca2+ of the extracellular space, the
buffer proteins, the Ca2+ store (organelles). Therefore, the
total cytoplasmic Ca2+ can be expressed via addition of
contributions from the different elements as

lim
t→∞ Ccyt(t) =

G∑
g=1

lim
t→∞ C(g)

cyt (t) (27)

where C(g)
cyt (t) represents the contribution from the different

element g, and G is the total number of elements in the intra-
cellular Ca2+ signaling pathway for the Ca2+ wave generation.

The chemical reactions can be modeled using Poisson
distribution [41]. Therefore, each contributor to the Ca2+
elevation can be taken as Poisson distributed random variable.

C(g)
cyt (t) ∼ Pois{λg}. (28)

The total Ca2+ concentration becomes the outcome of addition
from multiple Poisson sources. These processes are assumed to
be independent. The addition of the independent Ca2+ random
sources can be approximated as Gaussian distributed by law
of large numbers as

lim
G→∞

1√
G

G∑
g=1

C(g)
cyt (t)− λg√

λg
∼ N {0, 1}. (29)

The generation noise can be taken as Gaussian distributed as

lim
t→∞ Ccyt(t) ∼ N {η, σ 2

gen}
= η +wgen (30)

where wgen represents the generation noise, given by

wgen ∼ N {0, σ 2
gen}. (31)

Additionally, to incorporate the noise effects at the receiver
side, where the measurements of Ca2+ signal are taken,
an additive noise factor wrecv is incorporated into the model,
which is defined as

wrecv ∼ N {0, σ 2
recv}. (32)

Next, the overall noisy linear channel model is presented.

E. End-to-End Model

Here, we utilize the developed blocks of Ca2+ generation,
gap junctional propagation, and intracellular propagation to
provide a linear relation between the generated Ca2+ wave
level η and the received signal ψ . To this end, the end-to-
end channel gain is calculated based on the shortest delay
path between the cell Ca2+ wave generated and the last cell
where the samples are taken. N is the number of cells in the
shortest delay path between the transmitter and the receiver.
The received signal ψ is given by

ψ =
N∏

n=1

α
(n)
intraα

(n)
inter(η + wgen)+wrecv (33)
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where η is given as a function of the extracellular Ca2+
concentration in (8), α(n)inter is as given in (21), and α(n)intra is given
as in (26). The addition of the intracellular propagation delay
and the gap junctional delay is large enough that Ca2+ wave
generation block reaches the steady state before propagating
through the gap junctions to the next cell on the shortest delay
path. The end-to-end delay is given by

τtotal = τgen +
N∑

n=2

τ
(n)
intra + τ (n)gap. (34)

Next, we analyze the bit error probability for intra/inter-
cellular Ca2+ MC utilizing the developed linear end-to-end
channel model.

IV. BIT ERROR PROBABILITY ANALYSIS FOR MC
WITH INTERCELLULAR Ca2+ WAVES

In this section, we study the bit error probability in MC with
Ca2+ waves. First, the error probability is given for binary
pulse-amplitude modulation (PAM) transmission. Then, the
impact of the distance between the pulse levels on the bit
error rate is investigated.

A. Binary Transmission

We study the probability of error for the PAM input signals.
For the transmission of different information, each different
input pulse level is labeled as ηi , where index i indicates which
information, i.e., symbol, was transmitted.

The received signal ψ is obtained via sampling the Ca2+
at the receiver side. The distribution of the received signal ψ
for the transmitted information symbol i is represented as

p(ψ|ηi ) ∼ N (μi , σ
2
i ) (35)

where μi is obtained using (33) as

μi =
N∏

n=1

ξnθnηi (36)

and σ 2
i is

σ 2
i =

N∏
n=1

ξ2
n θ

2
nσ

2
gen + σ 2

recv. (37)

In the following, we formulate the probability of error for the
binary PAM Ca2+ signals.

For the binary transmission case, only two different Ca2+
signal levels, i.e., η1 and η2, are considered to be transmitted.
During the formulation, the corresponding signal level to η1 is
taken to be lower than the one for η2. In the line with signal
levels, the Ca2+ signal received for η1 is lower than η2. The
probability distribution of the received signal for η1 is as

p(ψ|η1) = 1√
2πσ 2

1

e−((ψ−μ1)
2/2σ 2

1 ) (38)

and for the transmission signal level corresponding to η2,
the distribution of the received signal is given as

p(ψ|η2) = 1√
2πσ 2

2

e−((ψ−μ2)
2/2σ 2

2 ). (39)

The probability of error for η1, i.e., the received signal
greater than the detection threshold ζ , is given by

P(ψ > ζ |ξ NθNη1) =
∫ ∞

ζ
p(ψ|ξ N θNη1)dψ (40)

and similarly the probability of error for η2 is given by

P(ψ < ζ |ξNθNη2) =
∫ ζ

−∞
p(ψ|ξ N θNη2)dψ. (41)

Under equally likely transmission probability for both signals,
the probability of error for binary PAM is obtained using (40)
and (41) by

Pb = P(ψ > ζ |ξ N θNη1)+ P(ψ < ζ |ξN θNη2). (42)

B. Selection of the Detection Threshold

Here, we formulate the probability of error as a function of
the difference between the detection threshold ζ and the mean
received signal E{ψ} to further investigate the impact of the
detection threshold on error performance via numerical results.
We assume that cells have identical biophysical parameters,
i.e., θ1 = θ2 = · · · = θN and ξ1 = ξ2 = · · · = ξN . The
different between the detection threshold ζ and received signal
for the transmission level η1 is equal to ζ−ξN θNη1. Based on
the probability of error given in (40), we refine the probability
of error for the transmission of η1 as

P(ψ > ζ |ξ N θNη1) = P(ψ > ζ |ξ NθNη1)

= P(ψ > ζ − ξ N θNη1|ξ N θNη1

−ξ N θNη1)

= P(ψ > ζ − ξ N θNη1|0). (43)

Accordingly, the probability of error for η1, i.e., P(ψ > ζ1|η1)
is given as a function of ζ − ξN θNη1 by

P(ψ > ζ − ξN θNη1|0) =
∫ ∞

ζ−ξ N θN η1

p(ψ|0)dψ

=
∫ ∞

ζ−ξ N θN η1

1√
2πσ 2

1

e−(ψ2/2σ 2
1 )dψ

= Q

(
ζ − ξ N θNη1

σ 2
1

)
(44)

where Q(·) is the tail probability distribution of the standard
normal distribution. Next, we provide numerical results to
elaborate the channel characteristics and error performance for
end-to-end intra/inter-cellular Ca2+ MC.

V. NUMERICAL RESULTS

In this section, we study the MC with intercellular Ca2+
waves via numerical results. The analytical expressions
obtained in Sections III and IV are evaluated here. The
values of biophysical system parameters are used as given
in Table I if not otherwise noted. For illustration purposes of
numerical results, we assume all cells (n = 1, . . . , N) have
the same values for the biophysical parameters. The values of
the biophysical parameters are selected based on the values
in [33], [42]–[44].
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Fig. 5. The end-to-end channel gain with respect to distance for different
PCa/DCa ratios of 1/4, 1/8, 1/20, and 1/50 m−1.

A. End-to-End Model

1) End-to-End Channel Gain: Here, we study the end-to-
end channel gain

∏N
n=1 α

(n)
intraα

(n)
inter, which is based on the

received signal model presented in (33). In Fig. 5, the impact
of the cytoplasmic diffusion constant (DCa) and the gap
junctional permeability (PCa) of Ca2+ for the end-to-end
channel gain is studied. ξ is set to 4/5, and τgap is set to
400 ms. The PCa is taken as 5 ×10−6 m/s for the DCa
of 20 ×10−6 m2/s, 40 ×10−6 m2/s, 100 ×10−6 m2/s, and
250 ×10−6 m2/s. The intercellular channel gain is shown to
be proportional to the ratio of PCa/DCa in (21). Using the
formulation in (33), the end-to-end channel gain is investigated
with respect to the PCa/DCa ratio. It is observed that as the
DCa increases, the end-to-end channel gain decreases, i.e.,
the attenuation increases. The decreasing PCa/DCa ratio also
enables information transmission over higher number of cells
along the propagation path.

In Fig. 6, the impact of the gap junctional delay τgap
on the end-to-end channel gain is investigated for MC with
intercellular Ca2+ waves. PCa is taken as 5 ×10−6 m/s, DCa is
taken as 50 ×10−6 m2/s, ξ is set to 4/5. τgap is tested for values
of 0.15, 0.2, 0.4, and 0.6 s. As the gap junctional delay τgap
increases, the intercellular propagation gain increases as well
in (21). Using the formulation in (33), the end-to-end channel
gain is investigated with respect to the τgap. It is observed
that the higher the gap junctional delay, the higher the end-to-
end channel gain. As the gap junctions are open for a longer
time interval, the number of cells the Ca2+ wave can travel
increases for a given requirement on the level of the received
signal.

In Fig. 7, the impact of the successful gap junction opening
probability ξ on the end-to-end channel gain is illustrated. PCa
is taken as 5 ×10−6 m/s, DCa is taken as 20 ×10−6 m2/s, and
τgap is set to 400 ms. ξ is tested for values of 1/5, 1/2, 3/5,
and 9/10. The intercellular propagation gain proportionally
increases with the gap junction successful opening probability

Fig. 6. The impact of the gap junctional delay τgap on the end-to-end channel
gain. The end-to-end channel gain is tested for τgap = 0.15, 0.2, 0.4 and 0.6 s.

Fig. 7. The impact of the probability of gap junction opening ξ on the
end-to-end channel gain with respect to the distance. The end-to-end channel
gain is tested for ξ = 1/5, 1/2, 3/5 and 9/10.

ξ in (21). Using the formulation in (33), the end-to-end
channel gain is investigated with respect to the ξ . It is observed
that as the ξ increases, the end-to-end channel gain improves.
The enhanced end-to-end channel gain with the increasing ξ
provides ability to communicate over larger number of cells
along the propagation path.

In addition, the sharp decay of the end-to-end gain after
several cells in Figs. 5–7 can be attributed to the developed
non-regenerative model of Ca2+ wave propagation in this
work.

2) End-to-End Delay: In Fig. 8, the results on the
end-to-end delay for different Cext values of 1500, 2500, and
3500 μM are presented. lcell is 5 μm, DCa is 50 ×10−6 m2/s,
τgap is set to 400 ms, and β is taken 10 s−1. The end-to-end
delay is given in (34). It is observed that higher Cext yields
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Fig. 8. The end-to-end delay τtotal with respect to the number of cells
along the propagation path (N). Cext is tested for 3 different values of 1500,
2500, and 3500 μM. Furthermore, the impact of the cell length lcell and
gap junctional delay τgap are illustrated in blue and black colored lines for
Cext = 3500 μM.

Fig. 9. The impact of the level difference between the pulse levels on
the bit error probability for binary information transmission with intercellular
Ca2+ waves.

higher end-to-end delay. These results can be attributed to the
higher Ca2+ delay for higher Cext values. For all Cext values
the end-to-end delay follows similar pattern. Furthermore, for
Cext = 3500 μM, the intracellular propagation path length
lcell is increased to 10 μm. The impact of the lcell increase on
the end-to-end delay τtotal is shown to be negligible, since the
curves for 5 μm and 10 μm are overlapping. Additionally, the
impact of gap junctional delay τgap is assessed by reducing it to
0.2 s. The exposed end-to-end delay reduces with the reduced
τgap from 0.4 s to 0.2 s.

B. Bit Error Probability

In Fig. 9, the impact of the difference between the detection
threshold ζ and the mean of the received signal E{ψ} on the
bit error probability is illustrated. The mean of the received

signal for the transmission of the information η1 is given by
ξN θNη1. ξ is set to 4/5, PCa is taken as 5 μm/s, DCa is taken
as 20 μm2/s, τgap is taken as 400 ms, σ 2

gen is 10−14 μM2,
and σ 2

recv is 10−16 μM2. Using the formulation in (44), the
bit error probability is investigated for various values of the
difference ζ − ξN θNη1. It is observed that the probability of
error is significantly amplified as the number of cells along
the propagation path increases by a few more cells. To have a
bit error probability less than 10−3, the difference ζ−ξ N θNη1
needs to be about 0.8 μM or larger even for N = 4.

VI. CONCLUSION

In this paper, the intra/inter-cellular Ca2+ signaling
mechanisms are studied for information transmission over
consecutive cells touching each other. First, a linear channel
model is developed for the intra/inter-cellular Ca2+ MC. A the-
oretical framework incorporating the biophysical dynamics
of the Ca2+ wave generation, gap junctional propagation,
and intracellular propagation is provided. To the best of our
knowledge, this is the first work on the development of a linear
channel model for the intra/inter-cellular Ca2+ MC. Then, the
bit error probability for binary transmission is investigated.
Numerical results point out the limited propagation distance
for MC with intercellular Ca2+ waves, which is limited to
several tens of cells. The modeling framework and the results
obtained in this study are aimed to facilitate the develop-
ment of MC systems using the intracellular and intercellu-
lar Ca2+ signals for information transfer. Furthermore, the
reverse engineering of biological Ca2+ signaling systems can
also benefit the understanding of causes for many prominent
diseases due to the Ca2+ signaling dependent homeostatic
variations. Future work includes validation of the devel-
oped model and extension to address three-dimensional cell
networks.
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