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Abstract—The goal of a drug delivery system (DDS) is to con-
vey a drug where the medication is needed, while, at the same
time, preventing the drug from affecting other healthy parts of
the body. Drugs composed of micro- or nano-sized particles (par-
ticulate DDS) that are able to cross barriers which prevent large
particles from escaping the bloodstream are used in the most ad-
vanced solutions. Molecular communication (MC) is used as an
abstraction of the propagation of drug particles in the body. MC
is a new paradigm in communication research where the exchange
of information is achieved through the propagation of molecules.
Here, the transmitter is the drug injection, the receiver is the drug
delivery, and the channel is realized by the transport of drug par-
ticles, thus enabling the analysis and design of a particulate DDS
using communication tools. This is achieved by modeling the MC
channel as two separate contributions, namely, the cardiovascular
network model and the drug propagation network. The cardio-
vascular network model allows to analytically compute the blood
velocity profile in every location of the cardiovascular system given
the flow input by the heart. The drug propagation network model
allows the analytical expression of the drug delivery rate at the
targeted site given the drug injection rate. Numerical results are
also presented to assess the flexibility and accuracy of the devel-
oped model. The study of novel optimization techniques for a more
effective and less invasive drug delivery will be aided by this model,
while paving the way for novel communication techniques for In-
trabody communication networks.

Index Terms—Advection-diffusion equation, communication
channels, molecular communication, nanonetworks, Navier–
Stokes equation, targeted drug delivery, time-varying channels,
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I. INTRODUCTION

TARGETED drug delivery systems (DDSs) are nowadays
under intensive study as they are at the cutting edge of

modern medical therapeutics [1]. In particular, the goal of the
DDS is to provide a localized drug presence where the medi-
cation is needed, while, at the same time, preventing the drug
from affecting other healthy parts of the body. The most ad-
vanced solutions use drugs composed of micro- or nano-sized
particles (particulate DDS), which are able to diffuse into the
blood stream to be transported into arteries, veins, and capillaries
and to cross barriers that prevent large particles and organisms
from escaping the bloodstream.

The transport of drug particles in the human body can be
viewed as a communication system using the molecular com-
munication (MC) paradigm, where information is conveyed
through the transport of molecules. The MC paradigm will give
us a clear understanding of how the drug particles diffuse in the
body and the evolution of their distribution over time, which is
of primary importance for the design of a particulate DDS. In the
past literature, statistical modeling methods, such as the first re-
action method based on dynamic Monte Carlo [2], [3], have been
often used to solve for this purpose. In this paper, we proposed
an analytical approach based on the abstraction of a particulate
DDSs as a communication mechanism, where the drug particles
are information carriers, which propagate messages (drug chem-
ical properties) from the location of transmission (intravascular
injection) until the location of reception (targeted site).

The targeted DDS has been envisioned as one of the most
important applications of the MC paradigm [4]. MC abstracts
the propagation of information between a sender and a receiver
realized through mass transport phenomena. In the context of
targeted DDS, the information conveyed by the particles is the
therapeutic action. MC is increasingly attracting the interest of
the research community working in the field of nanonetwork-
ing [4]. MC is a bioinspired paradigm that, amongst others,
has been developed by nature for communication among liv-
ing organisms, such as cells for intracellular and intercellular
signaling [5]. In MC, information is exchanged by the release,
the propagation, and the reception of molecules [6]. Due to its
inherent biocompatibility, MC is a competitive solution to the
problem of communication in nanonetworks [7], especially for
bio- nano-medical applications. Many different types of MC
have been studied so far, which involve either passive transport
of molecules (diffusion-based architectures [8], [9]) or active
transport (molecular motors [10], bacteria chemotaxis [11]).
The MC paradigm can pave the way for new approaches to
the analysis of immune system attacks from a security and
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safety perspective in analogy with telecommunication security
techniques.

A particulate DDS takes an advantage of the blood distri-
bution network for the propagation of drug particles from a
location where they are injected into the blood flow to a targeted
site within the reach of the cardiovascular system. The mass
transport phenomena operated by the cardiovascular system for
the propagation of the drug particles are two, namely, advection
and diffusion. As a consequence of advection, the drug parti-
cles are subject to their translation while in suspension in the
blood, which flows at different velocities in different locations
of the cardiovascular system. The blood velocity profile follows
the laws of fluid dynamics and, in particular, the Navier–Stokes
equation [12]. On top of this, as a result of diffusion, the drug
particles are subject to the Brownian motion spread in the blood
from a region of higher concentration to a region of lower con-
centration. This is interpreted by the laws of particle diffusion
and, in particular, by the diffusion-advection equation [2]. In
this paper, we realized the molecular communication abstrac-
tion of a particulate DDS by developing an MC channel model
of the drug particle propagation through the cardiovascular sys-
tem. For this, we identified two separate contributions within
the model, namely, the cardiovascular network model and the
drug propagation network model.

The cardiovascular network model is developed in this paper
as a solution to the Navier–Stokes equation [12] in the car-
diovascular system, and it is based on the application of the
transmission line theory [13]. We have restricted our model of
the cardiovascular network to the blood arteries, which are the
network of blood vessels that provide organs and tissues with
oxygen and nutrients, because it is the best medical adminis-
tration to provide targeted drug delivery to these organs. Our
objective is to administer a drug dose to a target location in
the extremity. Systemic arteries are the best candidate route of
administration for targeted DDS because they allow delivering
a localized drug dose to the periphery without affecting healthy
organs and tissues [14]. On the contrary, veins are more ap-
propriate in the case when the drug must be evenly distributed
to the extremities of the cardiovascular network. By mapping
the fluidic parameters of each artery to electrical circuit compo-
nents, the cardiovascular network model allows to analytically
compute the blood velocity profile in every artery of the cardio-
vascular system given the blood flow input from the heart. A
similar approach has been suggested in [13], where, differently
from our study, a bulk section of the arterial system is modeled
with one circuit component and does not allow obtaining the
blood velocity profile at every possible location. In [15], a com-
plete fluid dynamic analysis of a pressure pulse propagation in
the cardiovascular system is performed, but without the flexibil-
ity and clarity of a circuit analogue of the blood flow dynamics
in the transmission line model we developed. In [16], a trans-
mission line model is developed which takes into account only
the blood dynamics in the large systemic artery tree, while our
model covers in detail both large and small artery trees. In [17],
the lumped model of any artery is developed, but without taking
into account their bifurcations and the transmission line network
solution of an artery tree.

The drug propagation network model is developed in this pa-
per as a solution to the advection-diffusion equation [2], and it
stems from the knowledge of the blood velocity profile com-
puted through the cardiovascular network model. Through the
application of the harmonic transfer matrix (HTM) theory [18]
to the drug particle transport in the arteries and their bifurca-
tions, the drug propagation network allows the analytical ex-
pression of the drug delivery rate at the targeted site given the
drug location of injection and injection rate profile. The de-
rived model takes into account also the individual specificities
in the physiological parameters of the cardiovascular system,
such as the compliance of the arteries, the heartbeat rate profile,
and the heartbeat stroke volume. Molecular mass transport over
a network has been very recently approached from the point
of view of complex system theory in [2]. While this method
takes into account the time-variance of the flow, the algorithm
couples a graph-based approach and numerical resolution of
partial-differential equations for every vessel, which are not re-
quired in our HTM-based approach. Such method implies a high
computation and memory cost. Also, this model does not yield
analytical expressions that can be of practical use to solve prob-
lems such as the optimization of the drug delivery. The rest of
this paper is organized as follows. In Section II, the main pro-
cesses that compose a particulate DDS and their abstractions as
the components of an MC system are introduced, together with
the main objective of this study. In Section III, the scheme of
the MC channel model of a particulate DDS is detailed into two
main contributions, namely, the cardiovascular network model
and the drug propagation network model. Section IV details the
cardiovascular network model, while Section V describes the
drug propagation network model. Section VI analyzes the nu-
merical results stemming from the proposed solution. Finally,
Section VII concludes the paper.

II. MC ABSTRACTION OF A PARTICULATE DDS

A particulate DDS takes an advantage of the blood circulation
in the cardiovascular system for the propagation of drug particles
from a location where they are injected into the blood flow until
they reach a targeted site. We describe a particulate DDS as com-
posed of three main processes, namely, injection, propagation,
and delivery, as shown in Fig. 1. The MC paradigm abstracts
the exchange of information through the emission of particles
from a transmitter, their propagation through mass transport
phenomena in the channel, and their reception at the destination
by a receiver. We define the particulate DDS processes and their
MC abstractions as follows:

1) The injection process is the introduction of the drug par-
ticles in the blood flowing in the cardiovascular system at
a predefined location of injection I . The injection is per-
formed according to a particle injection rate x(t) defined
as the first derivative with respect to the volume v in the
number of injected particles in the location of injection as
the function of the time t:

x(t) =
∂{# injected particles}(t)

∂v
. (1)
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Fig. 1. Graphical sketch of the main processes in a particulate DDS and their
MC abstractions.

We abstract the injection process as the MC Transmitter
where I is the transmitter location and x(t) is the trans-
mitted molecular signal.

2) The propagation process is the spread of the drug parti-
cles throughout the cardiovascular system. The cardiovas-
cular system shows a topology of interconnected blood
vessels, where the blood flows due to the heart pump-
ing action, which is expressed as the cardiac input qin(t),
defined as the blood flow input to the cardiovascular sys-
tem as function of the time t. Drug particles propagate
through the blood vessels according to the superposition
of two physical phenomena, namely, advection and dif-
fusion. Advection is the transport of particles suspended
in a fluid due to the fluid’s bulk motion. Diffusion is the
spontaneous spread of particles suspended in a fluid from
a space region where they are in a higher concentration
to another region where they are in a lower concentration.
We abstract the propagation process as the MC channel,
where the transmitted molecular signal is propagated via
advection-diffusion through the blood flow in the cardio-
vascular system.

3) The delivery process is the arrival of the drug particles at
the targeted site O, where they are expected to perform
their healing action. The drug delivery process is charac-
terized by the particle delivery rate y(t) at the targeted
site, defined as the first derivative with respect to the vol-
ume v in the number of particles present at the targeted
site as function of the time t:

y(t) =
∂{# particles at targeted site}(t)

∂v
. (2)

We abstract the delivery process as the MC receiver where
O is the receiver location and y(t) is the received molec-
ular signal.

One of the main objectives in the study of a particulate DDS is
to develop a model to analytically compute the particle delivery
rate y(t) at the targeted site as function of the time t from the
knowledge of the location of injection I , the particle injection
rate x(t), the cardiac input qin(t), and the targeted site O. This
is expressed as follows:

y(t) = f(I, x(t), qin (t), O) (3)

Fig. 2. Scheme of the MC channel model of a particulate DDS with the two
contributions.

where the function f(.) represents the analytical model. We ab-
stract this objective as the modeling of the MC channel between
the MC transmitter located at I and the MC receiver located at
O, where the input transmitted molecular signal x(t) is propa-
gated by advection and diffusion in the blood flowing through
the cardiovascular system as function of the cardiac input qin(t).
The output of this MC channel is the received molecular signal
y(t).

The outcome of the model expressed in (2) through the MC
abstraction is twofold.

1) To study optimization techniques for particulate DDSs
which could allow a careful selection of the location of
injection I and a definition of the particle injection rate
x(t) as function of the time t with the goal of obtaining a
desired particle delivery rate y(t) as function of the time t
at a targeted site O, while minimizing the drug spread in
the rest of the cardiovascular system [1].

2) To develop a novel MC technique to realize intrabody
communication (IBC) networks [19] by modulating at the
transmitter, the injection of particles in the blood accord-
ing to the signal to be transmitted, and, upon their propaga-
tion through the cardiovascular system, by demodulating
the received signal from the delivery rate of incoming
particles at the receiver.

III. SCHEME OF THE MC CHANNEL MODEL OF A

PARTICULATE DDS

The MC channel model of a particulate DDS developed in
this paper is divided into two main contributions, namely, the
Cardiovascular Network Model and the Drug Propagation Net-
work Model, as shown in Fig. 2. These two contributions are
summarized as follows:

1) The cardiovascular network model is developed as a so-
lution to the Navier–Stokes equation [12], which relates
the blood velocity vector ul(r, t), function of the radial
coordinate r and the time variable t, in every location of
the cardiovascular system to the blood pressure p(t) as
functions of the time t. This is expressed as follows:

ρ

(
∂ul(r, t)

∂t
+ ul(r, t) · ∇ul(r, t)

)
= −∇p(t)

+μ∇2ul(r, t) + f (4)

where ρ is the blood density, which we assume homoge-
neous, ∇ is the Nabla vector differential operator, μ is the
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blood viscosity, and f represents the contribution of blood
vessel wall properties [20]. As detailed in Section IV,
the cardiovascular network model allows to compute the
blood velocity ul(r, t) as function of the time t in every
artery l of the cardiovascular system CV from the knowl-
edge of the cardiac input qin(t), expressed as follows:

qin(t)
Cardiovascular Network Model
−−−−−−−−−−−−−−−−−−−−→{ul(r, t)|l ∈ CV }

(5)
where qin(t) is the blood flow input to the cardiovascular
system, {.} is the set symbol, and CV denotes the set of
all the arteries included in the cardiovascular system. As
explained in Section IV, the cardiovascular network model
is developed through the application of the transmission
line theory [13] to the modeling of the interconnection of
the arteries in the cardiovascular network.

2) The drug propagation network model is developed as a
solution to the advection-diffusion equation [21], which
relates the drug concentration c(t) in every location of the
cardiovascular system to the blood velocity vector ul(r, t)
as functions of the time t. It is expressed as follows:

∂c(t)
∂t

= −∇. [−D∇c(t) + ul(r, t)c(t)] (6)

where ∇ is the Nabla vector differential operator, and D is
the particle diffusion coefficient. As detailed in Section V,
the drug propagation network model allows to compute
the particle delivery rate y(t) at the targeted site as a
function of the time t from the knowledge of the location
of injection I , the particle injection rate x(t), the blood
velocity ul(r, t) as a function of the time t in every artery
l of the cardiovascular system CV , and the targeted site
O, expressed as follows:

I, x(t), {ul(r, t)|l ∈ CV } , O
Drug Propagation
−−−−−−−−−−−→

Network Model
y(t) (7)

where {.} is the set symbol and CV denotes all the ar-
teries included in the cardiovascular system. The drug
propagation network model is developed by applying the
HTM theory [18] to express the transfer function of each
artery and bifurcation in the cardiovascular system CV ,
as explained in Section V.

The MC channel model, composed by the two aforemen-
tioned contributions, allows to find the analytical solution to the
objective expressed in (2) by using the particulate DDS MC
abstraction. The cardiovascular network and drug propagation
network models are detailed in Sections IV and V, respectively.

IV. CARDIOVASCULAR NETWORK MODEL

The cardiovascular network model allows to compute for ev-
ery artery l the blood velocity ul(r, t) as function of the distance
r from the blood vessel axis and the time t, and it stems from the
closed-form solutions to the Navier–Stokes equation (4) applied
to the cardiovascular system. As shown in Fig. 3, the cardiovas-
cular network model is composed of the following elements.

1) The cardiac input Qin(ωk ), which is the flow Qin(ωk )
exerted by the heart as functions of the heartbeat frequency
component ωk . The blood pressure is defined as the force

Fig. 3. Path between the cardiac input and the small artery l.

induced by the blood on the walls of a blood vessel, while
the blood flow is defined as the quantity of blood traversing
the cross section of a blood vessel per unit time. The
computation of Qin(ωk ) is detailed in Section IV-A.

2) The small arteries model. Small arteries are defined as
the systemic circulation vessel with a radius comprised
between 0.05 and 2 mm. They have muscular walls
and deliver blood to capillaries. This model is developed
in Section IV-B and gives the transfer matrix and load
impedance for a small artery l.

3) The large arteries model. Large arteries are defined as
the systemic circulation vessels with a radius larger than
2 mm. They have elastic walls and branch ultimately into
small arteries. Their model is developed in Section IV-C
and also yields the transfer matrix and load impedance for
a large artery l.

4) The general transfer matrix and load impedance T(ωk ).
It characterizes the cardiovascular network between the
heart and any small or large artery l, and it is computed
from the aforementioned elements by applying the trans-
mission line theory [13]. We express T(ωk ) as a 2 × 2
matrix with elements A(ωk ), B(ωk ), C(ωk ), and D(ωk )
in Section IV-D.

5) The blood velocity. The output of the cardiovascular net-
work is the blood velocity ul(r, t) in a large or a small
artery l. We suppose that it is homogeneous along the
longitude of the artery and that it only depends on time
variable t and the radial coordinate r in the artery. We find
in Section IV-E a final relationship that gives the blood ve-
locity ul(r, t) of any artery l of the cardiovascular system
CV from the cardiac input Qin(ωk ) through the following
formula:

ul(r, t) =
1 − r 2

r 2
l

πr2
l

+∞∑
k=−∞

Qin(ωk )
Zl(ωk )C(ωk ) + D(ωk )

ejωk t .

(8)
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where Qin(ωk ) is the cardiac input, Zl(ωk ) is the load
impedance of the artery l, and C(ωk ) and D(ωk ) are the
first and second elements of the second row of the trans-
fer matrix T(ωk ) representing the cardiovascular network
between the heart and the artery l sampled at angular fre-
quency ωk , respectively.

A. Cardiac Input

The cardiac input Qin(ωk ) is the blood flow ejected by the
heart in the cardiovascular system as functions of the heart-
beat frequency component ωk . Qin(ωk ) is considered to be the
Fourier coefficients of the blood flow qin(t) taken from clin-
ical measurements provided in [20] and performed by using
magnetic resonance (MR) on a set of human individuals. By
exploiting the periodicity of the cardiac input, we compute the
Fourier coefficients [22] and obtain the cardiac input Qin(ωk )
as function of the Fourier series index k:

Qin(ωk ) =
1
T

∫ T
2

− T
2

qin(t)e−jωk dt. (9)

B. Small Arteries Model

1) Load Impedance of a Small Artery: The modeling of a
small artery l as an electrical component with a load impedance
Zl(ωk ) is explained in the following. The load impedance
Zl(ωk ) is calculated recursively according to the algorithm de-
scribed in Algorithm 1. The harmonic impedance Z ′

l(ωk ) of the
sister branch is calculated similarly.

Small arteries possess the following properties.
1) The scaling parameters α and β, which are scaling pa-

rameters that relate the radii of the two bifurcating arteries
rl at the left and r′l at the right to the radius rl−1 of their
parent artery l − 1 (rl = αrl−1 and r′l = βrl−1).
The tree is terminated when the radius is no larger than a
minimal radius rmin . The tree representation for the renal
artery is given in Fig. 16.

2) The length �l , which is proportional to the radius rl of the
small artery. Since, the tapering is no longer significant in
small arteries, it is possible to consider small arteries as
cylinders. It has been observed from measurements that
the length–radius ratio lrr is constant for small arteries.
In fact the length of a small artery l can be expressed
approximately in function of its radius rl as follows:

�l = lrr rl = (50 ± 10) rl . (10)

3) The volume compliance cl , which is supposed to be similar
to the volume compliance for large arteries (20).

Due to the different mechanical and geometric properties
between large and small arteries, we use a different transmission
line model for small arteries.

According to [23], the harmonic pressure Pl(ωk ) and the
harmonic flow Ql(ωk ) in a small artery l can be related by a
load impedance Zl(ωk ) as follows:

Pl(ωk ) = Zl(ωk )Ql(ωk ). (11)

Equation (11) is similar to Ohm’s law [24] if pressure is seen
as voltage and flow as current. More importantly, the harmonic
impedance at the inlet of the small artery Zl(ωk ) and the har-
monic impedance at the outlet of the small artery Zout

l (ωk ) are
related by the following relationship [23]:

Zl(ωk ) =
jτl(ωk ) sin (τl(ωk )) /�l + Zout

l (ωk ) cos (τl(ωk ))
cos (τl(ωk )) + j�lZout

l (ωk ) sin (τl(ωk )) /τl(ωk )
(12)

with [23]:

τl(ωk ) =
lrr√

π

√
ρcl

1 − 2J1 (jr 2
l ω/ν )

jr 2
l ω/νJ0 (jr 2

l ω/ν )

(13)

where rl is the small artery radius, �l is the small artery length,
lrr is the length-to-radius ratio, ρ is the blood density, μ is the
blood viscosity, υ = μ/ρ is the blood kinematic viscosity, cl is
the small artery volume compliance, j is the imaginary unit, J0
and J1 are the Bessel function of the first kind and, respectively,
zero and first order [25].

For ωk = 0, we calculate the limit of the function Zl(ωk ) in
(12) as ωk → 0 to get

Zl(ωk ) =
8μ�l

πr4
l

+ Zout
l (ωk ). (14)

The conservation of flow at the bifurcation, and continuity
of pressure justify the modeling of bifurcations as the branch-
ing of perfectly conducting wires in the electric analogue of
blood flow and pressure, and allow the application of Kirch-
hoff’s current and voltage laws [26]. The harmonic impedance
at the output Zout

l (ωk ) can be related to the harmonic impedance
at the daughter small artery l + 1 Zl+1(ωk ) and the harmonic
impedance of its sister Zl ′+1 , by the following relationship:

Zout
l (ωk ) =

(
1

Zl+1(ωk )
+

1
Zl ′+1(ωk )

)−1

. (15)

The tree of small arteries is truncated when the radius rl

is no larger than rmin . The harmonic impedance of a small
artery l such as rl < rmin is taken to be zero. With this con-
dition, we can compute the load impedance Zl(ωk ) of a small
artery l according to the recursive function in Algorithm 1,
where f(ZOut, r), implementing the expression defined in (12),
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Fig. 4. Transmission line model for a tree of small arteries.

Fig. 5. Small arterial tree as a network of impedances.

returns the impedance ZIn given the output impedance ZOut
and the radius r.

2) Small Artery Transfer Matrix: Here, we find a transfer
matrix Tl(ωk ) that relates the harmonic flow and pressure
[Pl(ωk )Ql(ωk )]′ in a small artery l located in a tree of small
arteries to the flow and pressure at the root il of the tree of small
arteries [Pil

(ωk )Qil
(ωk )]′ (cf., Fig. 5).

By calculating the harmonic impedance at the root artery
Zil

(ωk ), the harmonic impedance at the small artery l Zl(ωk )
and at its sister small artery Zl ′(ωk ), we can represent the tree
of small arteries by the two-port network in Fig. 4. Using Kirch-
hoff’s circuit laws, we find a linear system involving the input
pressure Pil

(ωk ), the input flow Qil
(ωk ), the output pressure

Pl(ωk ), and the output flow Ql(ωk ). Hence, the flow and pres-
sure in a small artery l and the root of the tree of small arteries i
are related by the following matrix relationship using the trans-
mission line theory

[
Pil

(ωk )

Qil
(ωk )

]
= Tl(ωk )

[
Pl(ωk )

Ql(ωk )

]
(16)

with:

Tl(ωk ) =
∏

m∈S l

⎡
⎢⎢⎢⎣

1 +
ΔZm−1(ωk )

Z ′
m (ωk )

ΔZm−1(ωk )

1
Zm ′(ωk )

1

⎤
⎥⎥⎥⎦ (17)

where Sl = (. . . ,m, . . . , l − 1, l) is the sequence of all small
arteries carrying blood from the interface to the small artery l,
[Pl(ωk )Ql(ωk )]′ is the harmonic flow and pressure in a small
artery l, and [Pil

(ωk )Qil
(ωk )]′ is the harmonic flow and pres-

sure at the root of the tree of small arteries il , and ΔZm−1(ωk )
is the impedance between the inlets the small arteries m and

Fig. 6. Electrical scheme of the transmission line representation of a large
artery segment.

Fig. 7. Large artery m as an axisymmetric tube with tapering radius in the
(r, z) plan.

m − 1 which is computed as in the following:

ΔZm−1(ωk ) = Zm−1(ωk ) − Zm (ωk )Zm ′(ωk )
Zm (ωk ) + Zm ′(ωk )

. (18)

Zm (ωk ), Zm ′(ωk ), and Zm−1(ωk ) are, respectively the har-
monic impedance of the small artery m, its sister small artery
m′, and its parent small artery m − 1. At the interface, we take
that ΔZil

(ωk ) = 0.

C. Large Arteries Model

The objective of this section is to present an expression of the
transfer matrix Tl(ωk ) for a large artery l, and an algorithm to
calculate the load impedance Zl(ωk ) for a large artery located
in the cardiovascular system.

1) Large Artery Transfer Matrix: The transfer matrix
Tl(ωk ) for a large artery l depends on its geometric dimen-
sions and physiological parameters of the artery, which are as
follows:

1) Radius tapering. A large artery l is considered as an ax-
isymmetric tube with decreasing radius as illustrated in
Fig. 7 and length �l . The inlet of the large artery l has
a top radius rtop

l and its outlet has a bottom radius rbot
l ,

where rbot
l ≤ rtop

l . The numerical values for rtop
l ,rbot

l ,
and �l are found from anatomical measurements (cf., Ta-
ble I). We consider z as the longitude coordinate along the
axis of the large artery, and rm (z) as the radial distance
of the tube surface to the axis at z, the radius rl(z) de-
creases exponentially from rtop

l at z = 0 to rbot
m at z = �l ,

as follows:

rl(z) = rtop
l exp(−klz) (19)

where kl , the tapering factor for a large artery l, is defined

as kl =
log(r t o p

l /rb o t
l )

�l
.

2) The volume compliance, which quantifies the tendency
of the artery walls to yield to pressure and other ex-
ternal forces. Using statistical studies of physiological
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TABLE I
LIST OF LARGE ARTERIES AND THEIR DIMENSIONS

measurements [20], the volume compliance cl can be es-
timated by the following equation:

cl(z) =
πrl

2(z)
k1 exp(−k2rl(z)) + k3

(20)

where k1 = 1.34 × 107g/(s2 .cm), k2 = 22.53 cm−1 , and
k3 = 5.77 × 105g/(s2 .cm).

The blood flow in a large artery is assumed to be laminar,
viscous, and incompressible, and that pressure is constant over
the cross section of the large artery. Starting from the Navier–
Stokes equation (4), equating the variance of the flow in a large
artery with the volume absorbed by the large artery due to its
compliance, we get a system of coupled differential equations
[27] for 1-D blood flow q̂l(z, t) and 1-D blood pressure p̂l(z, t):

−∂p̂l(z, t)
∂z

=
ρ

πr2
m

∂q̂l(z, t)
∂t

+
8μ

πrl
4 q̂l(z, t) (21)

−∂q̂l(z, t)
∂z

= cl
∂p̂l(z, t)

∂t
. (22)

This system is governed by differential equations which re-
semble Telegrapher’s equations. Telegrapher’s equation have an
electrical circuit analogue as illustrated in Fig. 6. The compo-
nents of this circuit are the resistance per unit length R

′
l = 8μ

πrl
4 ,

inductance per unit length L
′
l = ρ

πrl
2 , the capacitance per unit

length C
′
l = πrl

2

k1 exp(−k2 rl )+k3
, and the admittance per unit length

G
′
l = 0, and are expressed as function of the physiological pa-

rameters previously defined, with rl = rl(z = �l). Stemming
from these electrical components, two important parameters are
hence defined for a large artery segment l.

1) The propagation coefficient γl(ωk ), which is expressed by

γl(ωk ) =
√(

R
′
l + jωkL

′
l

) (
G

′
l + jωkC

′
l

)
. (23)

2) The characteristic impedance Z◦
l (ωk ), defined as the

impedance that the transmission line segment would have
if it was a part of an infinitely long transmission line with
homogeneous parameters [28]

Z◦
l (ωk ) =

√
R

′
l + jωkL

′
l

G
′
l + jωkC

′
l

. (24)

By applying the two-port network circuit analysis [24], the
Fourier coefficients of the pressure Pl(ωk ) and flow Ql(ωk ) in
the large artery segment l can be related to the Fourier coeffi-
cients of the pressure Pl+1(ωk ) and flow Ql+1(ωk ) of the next
large artery segment l + 1 as follows:[

Pl+1(ωk )

Ql+1(ωk )

]
= Tl(ωk )

[
Pl(ωk )

Ql(ωk )

]
(25)

with

Tl(ωk ) =
[

Al(ωk ) Bl(ωk )

Cl(ωk ) Dl(ωk )

]
(26)

where Al(ωk ), Bl(ωk ), Cl(ωk ), and Dl(ωk ) are the elements of
the transfer matrix Tl(ωk ) of the large artery l, defined as [29]

Al(ωk ) = cosh (γl(ωk )�l)

Bl(ωk ) = Z◦
l (ωk ) sinh (γl(ωk )�l)

Cl(ωk ) =
1

Z◦
l (ωk )

sinh (γl(ωk )�l)

Dl(ωk ) = cosh (γl(ωk )�l) . (27)

where γl(ωk ) is the propagation coefficient of large artery seg-
ment l, Z◦

l (ωk ) is the characteristic impedance of large artery
segment l, and �l is its length.

2) Load Impedance of a Large Artery: The load impedance
of a large artery Zl(ωk ) is a measure of the opposition experi-
enced by the blood flow at the inlet of a large artery l. It depends
on the topology of all large arteries that branch out from large
artery l and their geometric dimensions. Large arteries are ar-
ranged in a tree-like structure. The arteries grow out from the
aorta, the systemic artery originating at the heart, and branch out
to reach the peripheral body tissues and organs. The measure-
ments of the position of arteries and the points of bifurcations
are available from anatomy books [30], and are presented in
Table I. The large arteries are ended by a tree of small arteries
which are presented in Section IV-B.

Fig. 8 illustrates the topology of the tree of large arteries
branching out from a large artery l. As shown in Fig. 9, the
tree of large arteries is terminated by trees of small arteries with
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Fig. 8. Branching large artery terminated by trees of small arteries and their
lengths.

Fig. 9. Tree of large arteries as branching transmission lines.

load impedance Zil ′+ 1
(ωk ), Zil ′+ 2

(ωk ), Zil + 1 (ωk ), etc. which
are calculated according to the algorithm presented in Section
IV-B1.

Using transmission line theory [28], it is possible to express
the load impedance of the large artery l in function of the load
impedance at its outlet, which is denoted Zout

l (ωk ).

Zl(ωk ) = Z◦
l (ωk )

Zout
l (ωk ) + Z◦

l (ωk ) tanh (γl(ωk )�l)
Z◦

l (ωk ) + Zout
l (ωk ) tanh (γl(ωk )�l)

(28)

where Z◦
l (ωk ) and γl(ωk ) are, respectively, the propagation

coefficient and characteristic impedance for the large artery l as
found in (23) and (24). If the large artery l branches out into two
large arteries l + 1 and l′ + 1, the load impedance at the outlet
of large artery l is given by

Zout
l (ωk ) =

(
1

Zl+1(ωk )
+

1
Zl ′+1(ωk )

)−1

. (29)

Otherwise, if the large artery l is terminated by a tree of
small arteries, the load impedance at the outlet of large artery
l is exactly the load impedance of interface with small arteries
Zil

(ωk ):

Zout
l (ωk ) = Zil

(ωk ) =
(

1
Zl+1(ωk )

+
1

Zl ′+1(ωk )

)−1

(30)

where l + 1 and l′ + 1 are the indexes of the small arteries
branching out of the large artery l.

We can describe the procedure required to get the load
impedance Zl(ωk ) of the large artery l by the recursive al-
gorithm in Algorithm 2 by defining:

1) f : (ZOut, L,R) → ZIn as the function that returns the
load impedance ZIn of a large artery with radius R and
length L, and the load impedance at its outlet ZOut;

2) r(l), rBot(l), and l(i) as the functions that return the
radius at the top, the radius at the bottom, and the length
of the large artery i, respectively;

Fig. 10. Overview of the transmission line network of the cardiovascular
system.

3) IdR(i) and IdL(i) as the functions that return the index
of the large artery branching out of the artery i to the right
and to the left, respectively.

These functions are based on the data provided in Table I and
the topology of the large arteries in Fig. 19.

We present in this section the expression of the transfer matrix
T(ωk ). This transfer matrix represents the propagation effect of
the cardiovascular network between the heart where the cardiac
input Qin(ωk ) is pumped and an artery l experiencing a blood
flow Ql(ωk ) and a pressure Pl(ωk ).

D. General Transfer Matrix and Load Impedance

The part of the cardiovascular vascular system between the
heart and the artery l in the direction of the flow is called here the
pre-l network, and the part between the artery l and the venous
system in the direction of the flow is called the post-l network
as illustrated in Fig. 10.

1) The pre-l network is characterized by a a transfer ma-
trix T(ωk ) that imposes a linear relationship between the
cardiac input Qin(ωk ), the pressure exerted by the heart
Pin(ωk ), the blood flow Ql(ωk ), and the pressure Pl(ωk )
in the artery l as follows:

[
Pin(ωk )

Qin(ωk )

]
= T(ωk )

[
Pl(ωk )

Ql(ωk )

]
(31)
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Fig. 11. Path between the cardiac input and a small artery l.

where A(ωk ), B(ωk ), C(ωk ), and D(ωk ) are the matrix
elements of Tl(ωk ):

T(ωk ) =
[

A(ωk ) B(ωk )

C(ωk ) D(ωk )

]
. (32)

2) The post-l network is characterized by a load impedance
Zl(ωk ) that imposes a relationship between the blood flow
Ql(ωk ) and the pressure Pl(ωk ) in artery l as follows:

Pl(ωk ) = Zl(ωk )Ql(ωk ). (33)

We have previously presentend the algorithms that return the
load impedance Zl(ωk ) for a small artery l in Section IV-B1 and
for a large artery l in Section IV-C2.

By cascading the transfer matrices [28] of all large arteries m
carrying blood from the heart to the large artery l and the transfer
matrices of large artery branches along this path (cf. Fig. 11), the
transfer matrix T(ωk ) for a large artery is calculated as follows:

T(ωk ) = T1(ωk )
∏

m∈L l

⎡
⎢⎢⎢⎣

Am (ωk ) +
Bm (ωk )
Zm ′(ωk )

Bm (ωk )

Cm (ωk ) +
Dm (ωk )
Zm ′(ωk )

Dm (ωk )

⎤
⎥⎥⎥⎦

(34)
where Ll = (. . . ,m, . . . , l − 1, l) is the sequence of all large
arteries carrying blood from the heart to the artery l, A(ωk ),
B(ωk ), C(ωk ), and D(ωk ) are the matrix elements of the trans-
fer matrix Tm (ωk ) of an artery m (27), T1(ωk ) is the transfer
matrix of the aorta (the large artery directly connected to the
heart), Tl(ωk ) is the transfer matrix of the artery l, whether it
is a small artery (17) or a large artery (27), and Zm ′(ωk ) is the
load impedance of the artery m′ parallel to m (See Fig. 11).

Fig. 12. Drug propagation network model.

For a small artery, we further multiply by the small artery
transfer matrix as follows:

T(ωk ) = T1(ωk )
∏

m∈L l

⎡
⎢⎢⎢⎣

Am (ωk ) +
Bm (ωk )
Zm ′(ωk )

Bm (ωk )

Cm (ωk ) +
Dm (ωk )
Zm ′(ωk )

Dm (ωk )

⎤
⎥⎥⎥⎦

Tl(ωk ) (35)

where Sil
= (. . . ,m, . . . , il) is the sequence of all large arteries

carrying blood from the heart to the interface il of the tree of
small arteries to which l belongs.

E. Blood Velocity

The objective of this section is to present the expression of
the blood velocity ul(r, t) given the cardiac input Qin(ωk ), the
transfer matrix T(ωk ), and the load impedance Zl(ωk ), which
were expressed in the preceding section. By connecting a pre-l
network with load impedance Zl(ωk ) to the post-l network with
transfer matrix T(ωk ), we enforce the equations (31) and (33),
and we collapse the two-port network into a one-port network.
Therefore, we eliminate the pressures Pin(ωk ) and Pl(ωk ), and
the harmonic flow Q(ωk )l in the artery l can be computed di-
rectly from the cardiac input Qin(ωk ) by

Ql(ωk ) =
Qin(ωk )

Zl(ωk )C(ωk ) + D(ωk )
(36)

where C(ωk ) and D(ωk ) are the first and second elements of
the second row of the transfer matrix representing the cardio-
vascular network between the heart and the artery l sampled at
angular frequency ωk , respectively, and Zl(ωk ) is the harmonic
impedance of the artery l.

We can get the blood velocity ul(r, t) as function of r, the
distance from the axis of the vessel, and the time t from the
periodic blood flow in the time-domain ql(t) by assuming a
parabolic profile for the blood velocity, which gives

ul(r, t) =
1 − r 2

r 2
l

πr2
l

+∞∑
k=−∞

Ql(ωk )ejωk t . (37)
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V. DRUG PROPAGATION NETWORK MODEL

The drug propagation network model allows to compute the
drug delivery rate y(t) at the targeted site as function of the
time t from the knowledge of the blood velocity ul(r, t) in
every artery l of the cardiovascular system, function of the dis-
tance r from the artery axis and the time t, computed through
the cardiovascular network model detailed in Section IV. The
drug propagation network model stems from the solutions to
the advection-diffusion equation expressed in (6), and it is com-
posed of the following elements:

1) Artery Link Models. An artery link is defined as the arterial
blood vessel segment which connects two adjacent bifur-
cations. The artery link models are derived from the solu-
tion to the General Taylor Dispersion equation [31], which
is a simplification of the advection-diffusion equation (6)
in case of advection in a cylindrical pipe. Each artery
link l model is expressed by a linear periodically time-
varying (LPTV) impulse response hlink

l (t, t′) as function
as function of the time variables t and t′, as detailed in
Section V-A.

2) Junction Node Models. A junction node is defined as the
arterial location where an incoming blood flow is split into
two outgoing diverging flows. The junction node models
are derived from the principle of mass conservation [32]
in fluid mechanics, and each junction node n model is
expressed by an LPTV impulse response hn (t, t′), as de-
tailed in Section V-B.

3) Bifurcation Node Models. A bifurcation node is defined
as the venal location where two incoming blood flows are
joined into one single flow. Similarly, the bifurcation node
n is characterized by an LPTV impulse response hn (t, t′),
as detailed in Section V-C.

From the knowledge of the location of injection I and the
targeted site O, the drug propagation network model is expressed
by an LPTV impulse response hI ,O (t, t′) as function of the time
variables t and t′, through which we compute the drug delivery
rate y(t) given the drug injection rate x(t), functions of the time
t, as follows:

y(t) =
∫ +∞

−∞
hI ,O (t, t′)x(t′) dt′. (38)

In Section V-D, we detail the procedure to compute the expres-
sion of the LPTV impulse response hI ,O (t, t′), function of the
time t and the periodic time variable t′, by applying the HTM
theory [18] to the artery link and bifurcation node models.

A. Artery Link Models

The model of the artery link l, as illustrated in Fig. 13, cor-
responds to the relation between the drug delivery rate yl(t) at
the output of the artery link and a drug injection rate xl(t) at
the input of the artery link l, functions of the time t. This model
is expressed through the LPTV impulse response hlink

l (t, t′),
function of the time variables t and t′, as follows:

yl(t) =
∫ +∞

−∞
hlink

l (t, t′)xl(t′)dt′. (39)

Fig. 13. Segment of a blood vessel modeled as an artery link.

The LPTV impulse response hlink
l (t, t′), function of the time

variables t and t′, corresponds to the the drug particle concen-
tration cl(z, t) at the artery link longitudinal coordinate z = �l

when the drug injection rate xl(t) at the input of the artery link
l is equal to a Dirac delta δ(t − t′) centered at time t′. This is
expressed as follows:

hlink
l (t, t′) = cl(�l , t)|xl (t)=δ(z )δ(t−t ′) (40)

where �l is the length of the artery link l.
The drug particle concentration cl(�l , t) is computed through

the inhomogeneous advection-diffusion equation [21], simpli-
fied into the inhomogeneous General Taylor Dispersion equa-
tion [31], since in the artery link the drug particles are subject
to advection in a cylindrical pipe.

The inhomogeneous General Taylor Dispersion equation
when the input drug injection rate is equal to a Dirac delta
δ(t − t′) centered at time t′ is expressed as follows:

∂cl(z, t)
∂t

+ ūl(t)
∂cl(z, t)

∂z
= δ(z)δ(t − t′)

+ Deff
l (t)

∂2cl(z, t)
∂z2 (41)

where cl(z, t) is the drug particle concentration at longitudinal
coordinate z in the artery link l, ūl(t) is the average cross-
sectional velocity in the artery link l, defined as

ūl(t) =
2

rl
2

∫ rl

0
rul(r, t)dr (42)

where ul(r, t) is the blood velocity at the output of the artery l
as function of the distance r from the artery axis and the time
t. Deff

l (t) is the effective diffusivity [31] in the artery link l,
expressed as follows:

Deff
l (t) = D − rl

3 ūl
2(t)

8D

+
2

Drl

∫ R

0
rūl(t)

∫ r

0

1
r′

∫ r ′

0
r′′ul(r′′, t)dr′′dr′

− 2
Drl

∫ R

0
rul(r, t)

∫ r

0

1
r′

∫ r ′

0
r′′ul(r′′, t)dr′′dr′

+
2

Drl

∫ R

0

r3

4
ūl(t)ul(r, t)dr (43)
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where rl is the radius of the artery link, and D is the diffu-
sion coefficient [33] of the drug particles in the blood, whose
expression is

D =
KB Tp

6πηa
(44)

where KB is the Boltzmann’s constant, Tp is the blood absolute
temperature, η is the intrinsic viscosity of the particle, which
depends on the geometry of the drug particles, and a is the
radius of the drug particles.

To obtain the expression of the drug particle concentration
cl(�l , t), we apply the Fourier transform [34] F {·} with respect
to the variable z, which is the longitudinal coordinate in the
artery, to both terms of the advection-diffusion equation (41),
which results in

∂

∂t
F {cl(z, t)} + 2iπξūl(t)F {cl(z, t)} = δ(t − t′)

+ 4π2ξ2Deff
l (t)F {cl(z, t)} (45)

where ξ is the frequency variable along the artery link longitu-
dinal coordinate z. Using Green’s method for solving inhomo-
geneous differential equations [35], we obtain

F {cl(z, t)}=exp−
(

π2 σ2
l (t, t′)

2
ξ2 +2iπξμl(t, t′)

)
U(t − t′)

(46)
where U(·) is the Heaviside step function [36], and where
μl(t, t′) corresponds to the particle displacement as function
of the time variables t and t′. It depends on the average cross-
sectional velocity ūl(t) in the artery link l as follows:

μl(t, t′) =
∫ t

t ′
ūl(τ)dτ (47)

and σl(t, t′) corresponds to the particles spread as function of
the time variables t and t′. It depends on the effective diffusivity
Deff

l (t) of the particles (43), and the radius of the link rl :

σ2
l (t, t′) =

∣∣∣∣2
∫ t

t ′
Deff

l (τ)dτ

∣∣∣∣ . (48)

Finally, the expression of the LPTV impulse response hlink
l (t, t′)

is obtained through the inverse Fourier transform [34] of (46)
computed at the artery link longitudinal coordinate z = �l ,
which has the following expression:

hlink
l (t, t′) =

1√
2πσ2

l (t, t′)
exp

(
− (�l − μl(t, t′))2

2σ2
l (t, t′)

)
(49)

where μl(t, t′) is given by (47), σ2
l (t, t′) is given by (48), and �l

is the length of the artery link l.

B. Junction Node Model

The model of a junction node n, as illustrated in Fig. 14,
corresponds to the relation between the drug delivery rates yn (t)
at the output branch of the junction node n and a drug injection
rate xn (t) at the input of the bifurcation node n, functions of
the time t. This model is expressed through the LPTV impulse
response hnode

n (t, t′), function of the time variables t and t′, as

Fig. 14. Blood vessel junction modeled as a cardiovascular network node.

follows:

yn (t) =
∫ +∞

−∞
hnode

n (t, t′)xn (t′)dt′. (50)

To compute the LPTV impulse response hnode
n (t, t′), function

of the time variables t and t′, we assume that in a junction
node the propagation of the drug particles is given mainly by
their advection in the blood flows, while the contribution of
their diffusion is negligible. Under this assumption, the relation
between drug delivery rate yn (t) of the junction node n and a
drug injection rate xn (t) at the input of the bifurcation node n,
functions of the time t is computed through the the principle of
mass conservation [32] in fluid mechanics, which is expressed
as follows:

yn (t) =
ūn (t) + ūn ′(t)

ūn (t)
xn (t) (51)

where n′ is the index of the sister of the input branch n, ūn (t)
and ūn ′(t) are the average cross-sectional blood velocities at
the input branches indexed by n and n′, respectively. As a con-
sequence, by comparing the expressions in (50) and (51), we
obtain the following expression for the LPTV impulse response
hnode

n (t, t′) as function of the time variables t and t′:

hnode
n (t, t′) =

ūn (t) + ūn ′(t)
ūn (t)

δ(t) (52)

where δ(t) is the Dirac delta time function, n is the index of the
junction node input branch, and n′ is the index of the sister of
the input branch n.

C. Bifurcation Node Model

The model of a bifurcation node n, as illustrated in Fig. 15,
corresponds to the relation between the drug delivery rates yn (t)
at the output branch of the junction node n and a drug injection
rate xn (t) at the input of the bifurcation node n, functions of
the time t. Similarly, this model is characterized by an LPTV
impulse response hnode

n (t, t′), function of the time variables t
and t′, as follows:

hnode
n (t, t′) = δ(t). (53)
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Fig. 15. Blood vessel bifurcation modeled as a cardiovascular network node.

This relationship stems from the fact that the concentration is
continuous in a bifurcation node.

D. LPTV Impulse Response of the Drug Propagation Network
Model

The LPTV impulse response hI ,O (t, t′) of the drug propa-
gation network model having location of injection I and the
targeted site O, as function of the time variables t and t′, is
computed from the Fourier coefficient hk (τ) as follows:

hI ,O (t, t′) =
∞∑

k=0

hk (t − t′)ejkω0 (t−t ′) (54)

where ω0 is the angular heartbeat frequency, and each Fourier
coefficient hk (τ) is computed from the equivalent HTM
HI ,O (s) of the drug propagation network model through the
following expression:

hk (τ) =
m−|k |∑

n=−(m−|k |)
{HI ,O (s)}k+n,n

∣∣∣
s=0

ejnω0 τ (55)

where m is the matrix truncation index, |.| is the absolute value
operator, and {HI ,O (s)}k+n,n denotes the element of the equiv-
alent HTMHI ,O (s) of the drug propagation network model hav-
ing k + nth row and nth column indexes. The equivalent HTM
HI ,O (s) of the drug propagation network model is computed
by applying the HTM theory to the LPTV impulse response
hlink

l (t, t′) and hnode
n (t, t′) of the artery link and the bifurca-

tion node models, respectively. This is achieved by considering
that both hlink

l (t, t′) and hnode
n (t, t′) are periodic with period T ,

which is the heartbeat period, with respect to both time variables
t and t′, expressed as

hlink
l (t + T, t′ + T ) = hlink

l (t, t′)

hnode
n (t + T, t′ + T ) = hnode

n (t, t′) ∀t, t′∈R. (56)

This periodicity allows to compute Fourier series [34] coeffi-
cients for both hlink

l (t, t′) and hnode
n (t, t′):

hmodel,m
k (τ) =

1
T

∫ T

0
hmodel

k (t, t − τ)e−jkω0 tdt (57)

where model and m correspond either to link and l, or to
node and n, respectively, ω0 is the angular heartbeat frequency,
and τ is an auxiliary time variable. According to the Fourier
series theory [34], we can express the relation between the drug
delivery rate ym (t) at the output and a drug injection rate xm (t)
at the input of an artery link or a bifurcation model as

ym (t) =
k=+∞∑
k=−∞

ejkω0 t

∫ +∞

−∞
hmodel,m

k (τ)xm (t − τ)dτ . (58)

If we define Ym (s), Hmodel,m
k (s), and Xm (s) as the respec-

tive Laplace transforms of ym (t), hmodel,m
k (τ), and xm (t), (58)

becomes

Ym (s) =
k=+∞∑
k=−∞

Hmodel,m
k (s − jkω0)Xm (s − jkω0). (59)

The expression in (59) can be transformed into a matrix mul-
tiplication by defining the infinite-dimensional vectors Y m (s),
Xm (s), and the doubly infinite matrix Hmodel

m (s) as

Xm (s) = [Xm (s + jkω0)]
′

k∈Z (60)

Y m (s) = [Ym (s + jkω0)]
′

k∈Z (61)

Hmodel
m (s) =

[
Hmodel,p−q

k (s + jqω0)
]

p,q∈Z
(62)

where [·]′ denotes the matrix transpose operation. As a conse-
quence, the expression (59) is transformed into a linear matrix
relationship:

Y m (s) = Hmodel
m (s)Xm (s). (63)

Hmodel
m (s) is the HTM of the arterial link l, in case model =

link and m = l, or the bifurcation node n, in the case where
model = node and m = n. In practice, the infinite matrices
Hmodel

m (s) and the vectors Y m (s) and Xm (s), are truncated to
contain only the significant harmonics [37].

Using the HTM for every link and node, it becomes possible
to obtain the HTM HI ,O (s) of the drug propagation network
model between the location of injection I and the targeted site O,
which allows to compute the LPTV impulse response hI ,O (t, t′)
through the expressions in (55) and (54). This is accomplished
using the following two rules.

1) The cascade rule, which states that the HTM H◦
m,m ′(s)

of the cascade of two network models m and m′, which
can be links, nodes, or combination thereof, is obtained
by multiplying their respective HTMs Hmodel

m (s) and
Hmodel′

m ′ (s) as follows:

H◦
m,m ′(s) = Hmodel

m (s)Hmodel′
m ′ (s). (64)

2) The parallel rule, which states that the HTM H‖
m,m ′(s) of

the parallel of two network models m and m′, which can be
links, nodes, or combination thereof, is obtained by sum-
ming their respective HTMs Hmodel

m (s) and Hmodel′
m ′ (s)

as follows:

H‖
m,m ′(s) = Hmodel

m (s) + Hmodel′
m ′ (s). (65)
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Fig. 16. Tree of small arteries at the end of the renal artery with their corre-
sponding link numbers.

By using the cascade rule (64) and the parallel rule (65), the
HTM HI ,O (s) of the drug propagation network model between
the location of injection I and the targeted site O is:

HI ,O (s) =
∑

p∈P (I ,O )

∏
(l, n)∈p

Hlink
l (s)Hnode

n (s) (66)

where P (I,O) is the set of parallel paths p linking the lo-
cation of injection I to the targeted site O. Every path p ∈
P (I,O) is a sequence of link l and node n couples (l, n)
(p = {. . . , (l, n), . . .}). Finally, the LPTV impulse response
hI ,O (t, t′) is computed by applying (66) to the expressions in
(55) and (54).

VI. NUMERICAL RESULTS

A. Topology

As a numerical application of our model, we choose to study
drug propagation between one location of injection I and four
different targeted sites O2 , O4 , O8 , and O17 . These locations
are different points in the small artery tree taking root at the
renal artery as represented in Fig. 16. The blood velocity calcu-
lation takes into account the numerical values for large arteries
dimensions presented in Table I and their topology represented
in Fig. 19 collected from anatomical data [20].

In Fig. 16, the geometry of the renal arterial tree is illustrated.
The topology reflecting the asymmetry of small arteries geome-
try and their reducing lengths are explained in Section IV-B. The
numbers in the figures correspond to the link indexes l. The ar-
teries with radius rl inferior to rmin = 0.8 mm are not included,
in fact, when the artery radius is smaller than rmin = 0.8 mm,
the subtree is truncated, and replaced with a leaf with null hy-
draulic impedance as explained in Section IV-B1. where γ is
called the asymmetry ratio and ξ is a parameter that charac-
terizes the turbulence of the flow. Physiological studies yield
values γ = 0.41 of the asymmetry ratio and ξ = 2.76, which
characterizes the turbulence of the flow. Using these values, we
get asymmetry factors α = 0.9 and β = 0.6.

Fig. 17. Comparison of the flow rates calculated using the transmission line
model with physiological measurements in various locations of the cardiovas-
cular system.

B. Cardiovascular Network Model

The blood velocity network model was validated against
the magnetic resonance measurements made available by [38],
which was used to validate a model implemented numerically
by finite difference methods. Fig. 17 compares the flow rate
measurements in three locations of the cardiovascular system,
namely, the descending aorta, the iliac, and the femoral arteries,
with the flow rates obtained using the transmission line model
developed in Section IV. We see a very good agreement between
the experimental measurements and the results of the developed
model. We used the same topology as in [38], and we used the
flow measured in the aortic arc as an input to the cardiovascular
network model.

C. Drug Propagation Network

The LPTV impulse response h(t, t′) is calculated for a fixed
location of injection I set at the inlet of the arterial tree, and dif-
ferent targeted sites O2 , O4 , O8 , and O17 , located, respectively,
at the outlet of links 2, 4, 8, and 17. A change of variables is
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Fig. 18. Time-varying impulse response for different vessel topologies.
(a) Path: (1). (b) Link: 2. (c) Path: (1 2). (d) Link: 4. (e) Path: (1 2 4).
(f) Link: 8. (g) Path: (1 2 4 8). (h) Link: 17.

performed on h(t, t′) for a better representation, such that
h

′
(t, τ) = h(t, t − τ). t is the periodic time variable, in which

the LPTV impulse response is T-periodic: h
′
(t, τ) = h

′
(t +

T, τ). τ is the propagation time variable: h(t, τ) → 0 as τ →
+∞. A 3-D representation of the functions h

′
(t, τ) is rendered

in Fig. 18. In Fig. 18(a), we can observe the LPTV impulse
response goes to zero after a propagation period of 1200 ms.
It can be seen that the time-variance is significant. In fact, we
obtain two main peaks in the impulse response for the link 2 in
Fig. 18(b), separated by an important fading, due to the consid-
erable blood velocity fluctuations in that artery. In Fig. 18(e),
the drug propagates through link 2 with LPTV impulse response
hlink

2 (t, τ), with radius r2 = 2.5 mm, and a link 2 with LPTV
impulse response hlink

4 (t, τ), with radius r4 = 2.2 mm, pass-
ing by a node 2 with LPTV impulse response hnode

2 (t, τ). Due
to the bifurcation, the cascading of these two links and node
causes a spread of the delay and slower convergences to zero
of the equivalent LPTV impulse response between I and O4 .
In Fig. 18(g), the drug propagates through an additional node
4 with LPTV impulse response hnode

2 (t, τ), and an additional
link 8 with LPTV impulse response hlink

8 (t, τ). The bifurcation
effect is slightly more pronounced here, with a considerable por-
tion of the drug rate that is lost at the node. The drug delivery rate
experiences a drop after the the peak and then converges slowly
to zero which would cause a dispersion of the drug between I
and O8 . In the preceding examples, we chose a path through the
left links which, by geometrical asymmetry, experience a higher
blood velocity compared with the right links. In Fig. 18(e), we
consider that the drug network includes an additional node 8

Fig. 19. Topology of large arteries.

with LPTV impulse response hnode
8 (t, τ), and an additional link

17 with LPTV impulse response hlink
17 (t, τ) which is positioned

to the right. Since the node 8 relays most of the drug rate to
the left link which has much higher effective diffusivity, a more
significant portion is lost to the left link. The asymmetry of the
small arteries tree causes most of the drug to be propagated
in the leftmost blood links in the tree of small arteries. Here,
the dispersion is more pronounced, and the reflections from the
preceding nodes is apparent.

VII. CONCLUSION

The goal of a DDS is to provide a localized drug presence
where the medication is needed, while, at the same time, pre-
venting the drug from affecting other healthy parts of the body.
Among others, the most advanced solutions use drugs composed
of micro- or nano-sized particles (particulate DDS) that are able
to cross barriers to the transit of particles out of the bloodstream.
The MC paradigm abstracts the propagation of information be-
tween a sender and a receiver realized through mass transport
phenomena, since information-bearing molecules have to phys-
ically cover the distance from one location to the other. In this
paper, we advocate for the MC paradigm as a straightforward
and efficient abstraction of a particulate DDS, thus enabling the
control and prediction of particulate drug delivery by using tools
from communication engineering.

In this paper, we realized the molecular communication ab-
straction of a particulate DDS by developing an MC channel
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model of the drug particle propagation through the cardiovas-
cular system. For this, we identified two separate contributions
within the model, namely, the cardiovascular network model
and the drug propagation network model. The cardiovascular
network model allows to analytically compute the blood veloc-
ity profile in every location of the cardiovascular system from
the knowledge of the blood pressure profile and flow input from
the heart. The drug propagation network model allows the an-
alytical expression of the drug delivery rate at the targeted site
from the knowledge of the drug location of injection and injec-
tion rate profile. The derived model takes into account also the
individual specificities in the physiological parameters of the
cardiovascular system, such as the compliance of the blood ves-
sels, heartbeat rate profile, and the heartbeat stroke volume. An
example application of the developed model is also presented
through numerical results to assess the flexibility and accuracy
of the analytical results of this study.

We propose as future work to investigate the safety issues
of MC for the human being. First, care should be taken to en-
sure that the drug concentration does not reach toxic levels in
the body. Second, the interaction with naturally occurring MC
phenomena in the body such as the cell signaling through the
endocrine system should be considered. Third, the MC system
should be resilient against possible “malicious” attacks. Such
attacks may be undertaken by benign bacterial and viral or-
ganisms, which develop defenses against the therapy, or by the
immune system which considers the foreign therapeutic agent as
an intruder to the body. The safety issues of MC could be stud-
ied in analogy with security issues in classical communication
systems.

The results detailed in this paper open up the possibility to
study optimization techniques for particulate DDSs which could
allow a careful selection of the location of injection and drug
injection profile with the goal of obtaining a desired drug deliv-
ery profile at a targeted site while minimizing the drug presence
in the rest of the cardiovascular system. In addition, the models
developed in this research could potentially serve to investigate
novel communication techniques for intrabody communication
(IBC) networks.
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