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Abstract—Magnetic Induction (MI) techniques enable efficient
wireless communications in dense media with high material
absorptions, such as underground soil medium and oil reservoirs.
A wide range of novel and important applications in such
RF-challenged environments can be realized based on the MI
communication mechanism. Despite the potential advantages, the
major bottleneck of the MI communication is the limited channel
capacity due to the low MI bandwidth. In this paper, the Spread
Resonance (RS) strategy is developed for the MI communication
in RF-challenged environments which greatly increases the MI
channel capacity. Specifically, instead of using the same resonant
frequency for all the MI coils, the spread resonance strategy
allocates different resonant frequencies for different MI relay
and transceiver coils. An optimization solution for the resonant
frequency allocation is formulated to maximize the MI channel
capacity which captures multiple unique MI effects, including the
parasitic capacitor in each MI coil, the Eddy currents in various
transmission media with limited conductivities, and the random
direction of each coil. Numerical evaluations are provided to
validate the significant channel capacity improvements by the
proposed SR strategy for MI communication systems.

Index Terms—Magnetic induction communications, channel
capacity, RF-challenged environments.

I. Introduction

IN the RF (Radio Frequency)-challenged environments,
including the underground soil medium, oil reservoirs, and

mines and tunnels, it is extremely difficult to establish reliable
and efficient wireless communication [1], [2]. However, many
novel and important applications in those RF-challenged envi-
ronments are recently envisioned to enhance the security or the
productivity of our modern society, such as underground oil
gas extraction, mine disaster prevention and rescue, concealed
border patrol and intruder detection, intelligent agriculturing,
underground pipeline tank monitoring, earthquake and land-
slide forecast, among others [1], [2], [3], [4]. All the above
applications require the realization of wireless communication
in the RF-challenged environments, which create significant
challenges compared to classical electromagnetic (EM) waves
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[1]. Specifically, there are two major problems, namely, ex-
tremely short communication ranges and highly unreliable
channel conditions [1], [5], [6].

Recent developments of the magnetic induction (MI) tech-
niques [7], [8], [9] have great potential to solve the above
problems and enable efficient wireless communication in RF-
challenged environments. Instead of using propagation waves,
the MI-based communication utilizes the near field of a coil.
As a result, the MI coils working at HF or lower frequency
bands can realize much more reliable channel in the dense
medium such as soil and oil. However, the MI-based com-
munication in their original form still suffer from the limited
communication range problem due to the high attenuation rate
of the magnetic field in the near region.

To enlarge the communication range of the original MI
techniques, the MI waveguide technique [10], [11], [12], [13],
[14], [15], [16] can be utilized. The MI waveguide consists
of multiple resonant relay coils that are deployed in between
two nodes. The MI waveguide structure is first proposed in
[10], [11], [12], [16], where the relay coils are closely placed
so that strong coupling between adjacent coils is formed. In
[5], [6], we employed the MI waveguide technique for wireless
communication where the relay coils are expected to be placed
as sparsely as possible. In this case, the coupling between
adjacent relay coils is very weak. The wireless communication
between two transceivers is accomplished by the consecutive
weak magnetic induction between adjacent MI relay coils,
as shown in Fig. 1. By this way, the communication range
is greatly enlarged compared to the EM wave-based and the
original MI techniques. For example, in the soil medium, the
range of the Mica2 sensor is less than 4 m [1]; with similar
device size and power, the original MI technique has a com-
munication range around 10 m [5], while the MI waveguide
can reach a range of more than 100 m [5]. Moreover, the
relay coils in the MI waveguide do not consume extra energy
since the magnetic inductions are passively relayed. Those
low cost coils are easy to deploy and do not need continuous
maintenance. In addition, the lifetime of the wireless system
can be greatly prolonged since the MI-based devices can be
recharged wirelessly using the inductive charging technique
[17], [24]. This property is favorable in RF-challenged envi-
ronments since it is very difficult to exchange device batteries.

Despite the above advantages, the original MI waveguide-
based communication technique has an inherent bottleneck,
i.e., the limited channel capacity. Typically, the relative cou-
pling strength (ratio of the mutual induction to the self induc-
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Fig. 1. The MI communication using a MI waveguide.

tion) between adjacent coils in MI waveguide is in the order
of 10−4 or even smaller. Accordingly, the channel bandwidth
of the MI waveguide is very limited [5]. If the transmission
distance is increased to a certain threshold, the MI channel
bandwidth can be very low [20]. This limited bandwidth
corresponds to the very low channel capacity. Therefore,
although the MI waveguide-based communication can cover a
large range in the RF-challenged environments, the achievable
data rate is not satisfactory. In many envisioned applications,
such as the border patrol and the mine disaster rescue, a
significant volume of data needs to be timely transmitted
on the MI channels. Therefore, it is of a great importance
to increase the channel capacity in current MI waveguide-
based communication systems. The strategy to increase the
bandwidth of the strongly coupled MI waveguide has been
investigated in [21]. However, to date, the solution to increase
channel capacity of the loosely coupled MI waveguide for
wireless communication is still not clear.

In this paper, we propose the Spread Resonance (SR) strat-
egy for the MI waveguide-based communication system in RF-
challenged environments, which can dramatically increase the
channel capacity of such systems. In particular, different from
the existing MI waveguide where all MI coils use the same
resonant frequency, the spread resonance strategy allocates
unique and optimal resonant frequencies for different MI
relay and transceiver coils. The spread resonance frequencies
can effectively enlarge the MI channel bandwidth while the
optimal central operating frequency minimizes the path loss.
Therefore, the MI channel capacity is greatly increased by the
SR strategy. We formulate and solve an optimization problem
for the resonant frequency allocation to maximize the MI
channel capacity, which captures multiple unique MI effects,
including the parasitic capacitance in each MI coil, the Eddy
currents in various transmission media with limited conductiv-
ities, the background noise as well as the noise generated by
the MI waveguide itself, and the random direction of each coil.
Finally, comprehensive numerical evaluations are conducted
to further validate the channel capacity improvements by the
proposed SR strategy for the MI communication systems.

The remainder of the paper is organized as follows. In
Section II, the related studies are introduced. In Section III,
the SR strategy is developed in detail and the optimal solution
is formulated to allocate the resonant frequencies in the SR
strategy. Then, in Section IV, numerical studies are performed.
Finally, the paper is concluded in Section V.

II. RelatedWork

Due to the unique advantages of the MI techniques in the
RF-impenetrable media, the MI communication systems have
been developed in many different scenarios. In [7], an MI

communication system is developed for the naval mine war-
fare(MIW) operations to provide a reliable wireless command,
control and navigation channel. In [8], the MI communication
system is used as an alternative to the Bluetooth. The high
path loss of MI is utilized to create a personal communication
bubble area with minimum interferences. In [9], the MI is used
for underground soil medium where it is proven that the MI
transmission is not affected by soil properties and requires less
power and lower operating frequencies than the EM waves.
In [22], the MI technique is implemented in an intra-body
network, where the information is transmitted from and to
some implanted miniature devices at multiple sites within the
human body. In [23], the MI technique is developed to locate
and track the underground animals. Through a two-month
field experiment, the MI localization system is proven to
successfully track wild European badgers within their burrows.
In [17], [24], the MI technique is utilized to transfer wireless
energy for a relatively long distance. Moreover, the effects
of parasitic capacitance of the MI energy transfer system
is discussed in [24]. The channel capacity of the above MI
communication system that uses a single pair of coils has been
investigated in [18], [19]. All the above MI systems use single
pairs of MI coils that require either high transmission power
or large coil size to reach reasonable transmission ranges.

To enlarge the transmission range, the MI waveguide struc-
ture is utilized. The MI waveguide is first proposed in [10]
and intensively investigated in [11], [12], [13], [16]. The
theoretical results are also validated by the field experiments
in [14], [15]. In [25], the impact of the Johnson on the MI
waveguide is investigated. In [26], a resonant transducer is
developed to reduce the reflection on the terminals of the
strongly coupled MI waveguide. Similarly, in [21], a thin-
film formed MI waveguide is developed to achieve the low
propagation loss and high bandwidth. All the above MI waveg-
uide with strongly coupled relay coils is designed to realize
artificial delay filters, dielectric mirrors, distributed Bragg
reflectors, among others. However, the above MI waveguide
investigations do not cover the applications of wireless com-
munications.

In [6], [5], we introduce the loosely coupled MI waveguide
structure in the field of wireless communications, which
can greatly enlarge the communication range in many RF-
challenged environments without increasing the MI coil size
and transmission power. In [27], the channel model of the
MI waveguide communication under practical capacitance
constraints is derived. The noise models for the MI waveguide
communication system are investigated. Besides the point-
to-point communication, the MI channel capacity is clearly
shown to be extremely low, especially in the far region of the
transmitter. Although the MI waveguide-based communication
system achieves good transmission range in RF-challenged
environments, the above studies focus on minimizing the
path loss, while the bandwidth and the channel capacity are
not considered at all. Hence, the channel capacity of MI
waveguide can be even smaller than that of the original MI
system.

In this paper, we propose the SR strategy to enlarge the
bandwidth while keeping the path loss on an acceptable level.
As a result, the MI channel capacity significantly increases.
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Fig. 2. The high frequency MI waveguide model and the equivalent circuit.

It should be noted that the methods of using multiple res-
onance frequencies can also be found in other MI systems.
However, the objective of the multiple resonance frequencies
is different in this paper. For example, in [29], [30], two
resonant frequencies are involved in a single MI transceiver:
one is for the communications while the other is for the
energy transfer. In this paper, we assign spread resonant
frequencies to different relay coils, which aims to broaden the
MI bandwidth. Moreover, the optimal position of each spread
resonant frequency is theoretically determined in this paper.

III. Spread Resonance Strategy

In SR strategy, the resonant frequency of each MI coil
is deviated from the original central operating frequency in
a controlled manner. The gain of this method is that the
MI channel bandwidth can be significantly enlarged if the
deviation is properly chosen. However, the drawback of the
spread resonant frequency is that the path loss of the MI
waveguide system may increase as the resonant frequencies
are spread. It is challenging to jointly determine the optimal
resonant frequency deviation and the optimal central operating
frequency: First, since each MI coil has a unique resonant
frequency, it becomes very complicated to calculate the path
loss and the bandwidth of the MI waveguide. Consequently,
a complicated and non-linear optimization problem is for-
mulated and needs to be solved. Second, since the central
operating frequency is expected to be as high as possible
to enhance the mutual induction, the impact of the parasitic
capacitance [32], [33] of the MI coils cannot be ignored
any more. Third, similarly, due to the high central operating
frequency, the skin depth effects in the transmission medium
caused by the eddy currents [35], [36] need to be modeled for
the MI waveguide system, especially in the medium with a
not negligible conductivity. In this section, we first formulate
the problems of the optimal resonant frequency allocation
and central operating frequency selection in the SR strategy.
Then, we specifically investigate the influence of the parasitic
capacitance and skin depth, respectively. Later we develop the
analytical solution of the optimization problem.

A. Problem Formulation

We consider the wireless communications between two
transceivers in the RF-challenged environments, especially
dense media such as soil, rock, and crude oil. The MI waveg-
uide system consists of n + 1 MI coils {Coil0,Coil1, ...Coiln},

where Coil0 is the transmitter, Coiln is the receiver, and
the rest are rely coils, as shown in Fig. 1. The number of
MI coils n is set to be an even number for simplicity. The
central operating frequency is denoted as f0. The permittivity
and the conductivity of the transmission medium are εm and
σm, respectively. According to our previous analysis [5], if
the transmission medium does not contain magnetites, the
permeability of the medium is the same as that of the air,
which is μ0. It should be noted that in the transmission
medium with magnetites, the permeability is higher and the
MI performance can be enhanced. However, this situation is
out of the scope of this paper since most transmission media
in the nature do not contain magnetite material.

Since we only consider the point-to-point communication,
there is no interference from other pairs of transceivers. Then,
we start from the classic channel capacity formula [31]:

C = B · log2(1 +
Pt · Lp

N
) ; (1)

where B is the channel bandwidth; Pt is the transmission
power; Lp is the path loss; and N = Nambient is the ambient
noise power. The average ambient noise power is around -105
dBm, which is measured in underground soil medium [34].
According to our analysis in [5], the path loss Lp is a function
of the signal frequency f , i.e. Lp( f ). Then based on (1), the
channel capacity of the MI waveguide can be calculated as

CMI =

∫ f0+B/2

f0−B/2
log2

(
1 +

Pt · Lp( f )

Nambient

)
· d f ; (2)

where the transmission power Pt and the ambient noise level
Nambient are constants and are determined; while the channel
bandwidth B and the path loss Lp( f ) need to be designed to
maximize the MI channel capacity.

Different from the traditional EM wave-based wireless
channel, the MI bandwidth B is not a constant but vary as
the configurations of the MI waveguide system change. In
addition, the MI waveguide path loss Lp( f ) is no longer a
simple exponential function due to the consecutive magnetic
induction. Moreover, different from the existing analysis [5],
[20] on the MI waveguide communication systems, the SR
strategy assigns different resonant frequencies to different MI
coils and needs to consider the influence of the parasitic
capacitance and the skin depth, which create even more
challenges in calculating Lp( f ), B, and CMI .

Without loss of generality, we denote the resonant fre-
quencies for MI coil {Coil0,Coil1, ...Coiln} as f0 − n

2 · Δ f ,
f0−( n

2 −1) ·Δ f , ..., f0, ..., f0+ n
2 ·Δ f , where Δ f is the frequency

interval between two adjacent coils. Δ f defines the intensity of
how widely the resonant frequency is spread. Then the optimal
resonant frequency allocation and central operating frequency
selection in SR strategy can be formulated as

Given : Transmission distance d,

Medium permitivity ε, Medium conductivity σ,

Number of MI coils, Coil parameters;

Find : Central operating frequency f0,

Intensity of resonant frequency spread Δ f ;

s.t. : MI channel capacity CMI ( f ) is maximized. (3)
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To solve above optimization problem, the MI channel
capacity CMI ( f ) needs to be analytically expressed first. In the
following part of this section, we first calculate bandwidth and
path loss of the MI waveguide under the SR strategy, where the
effects of parasitic capacitance, spread resonant frequencies,
and skin depth are accurately modeled. Then, the analytical
solution of the optimization problem given in (3) is developed.

B. Modeling the Influence of Parasitic Capacitances and the
Spread Resonant Frequencies

In high frequency circuits, the parasitic capacitances are
formed due to the distributed electrical coupling between any
two conducting objects of the circuit [32]. In MI-waveguides,
the MI coils are made of wire loops without the magnetic core
and the outer shell. Hence, the coupling between the core and
the shell can be ignored. In addition, each MI coil has only
one layer of winding. Hence, the layer-to-layer capacitance
between two neighboring layers does not exist. Moreover,
since the different coils are far enough from each other, the
coupling between different coils can be ignored. Therefore,
the parasitic capacitances in MI waveguides are formed only
due to the coupling between two turns in the winding. In
transformer design, the overall effect of parasitic capacitances
can be modeled as a lumped capacitor. Since the MI waveg-
uide can be modeled as a multi-stage transformer, the lumped
capacitor model is also applicable. Hence, we provide a high
frequency transformer model for the MI waveguide system
under the SR strategy in the first row in Fig. 2.

In the model, Cp is the lumped capacitor model of the
parasitic capacitance in the MI waveguide; Mi (i = 1, ..., n)
is the mutual induction between the ith coil and the (i − 1)th

coil; Us is the voltage of the transmitters battery; Lc is the
coil self induction; Rc is the wire resistances of the coil;
{Ci, i = 0, 1, ..., n} are the capacitors loaded in the ith coil; RL is
the matched load of the receiver that maximizes the received
power at the central operating frequency f0. It should be
noted that with the signal frequency deviation from the central
frequency, there will be reflected power from the MI receiver
that causes additional path loss. All MI coils have the same
configurations expect the loaded capacitor {Ci, i = 0, 1, ..., n},
which is used to achieve the resonant status on the resonant
frequency. Since different coils are allocated different resonant
frequencies in SR strategy, the loaded capacitances Ci are also
different. Other than the loaded capacitances, all the coils have
the same parameters, including the wire resistance Rc, coil
radius a, and number of turns Nt. The equivalent circuits of
the high frequency multi-stage transformer is shown in the
second row in Fig. 2, where

UMi =− jωMi · UMi−1

Zi−2,i−1 + jωLc +
1

jωCp
·( 1

jωCi−1
+Rc)

1
jωCp
+ 1

jωCi−1
+Rc

, (i = 2, 3, ..., n);

UM1 =− jωM1 · Us

1
jωC0
+ Rc +

1
jωCp
· jωLc

1
jωCp
+ jωLc

·
1

jωCp

1
jωCp
+ jωLc

;

Zi,i−1=
ω2M2

i

jωLc + Zi+1,i +
1

jωCp
·( 1

jωCi
+Rc)

1
jωCp
+ 1

jωCi
+Rc

, (i = 1, 2, ...n−1);

Zn,n−1=
ω2 M2

n

jωLc +
1

jωCp
·( 1

jωCn
+Rc+ZL)

1
jωCp
+ 1

jωCn
+Rc+ZL

;

Zi−1,i=
ω2 M2

i

jωLc + Zi−2,i−1 +
1

jωCp
·( 1

jωC0
+Rc)

1
jωCp
+ 1

jωC0
+Rc

, (i = 2, 3, ...n);

Z0,1=
ω2 M2

1

jωLc +
1

jωCp
·( 1

jωC0
+Rc)

1
jωCp
+Z(i+1)i+

1
jωC0
+Rc

. (4)

In (4), f is the signal frequency and ω = 2π f is the
corresponding angle frequency; the coil self induction Lc =
1
2μπN

2
t a; the coil wire resistances Rc = Nt · 2πa · R0 where

R0 is the unit length resistance of the wire determined by the
material and thickness; Zi(i−1) is the influence of the ith coil on
the (i − 1)th coil and vice versa; UMi is the induced RMS (root
mean square) voltage on the ith coil; Us is the RMS voltage
of the signal at the transmitter coil. The mutual inductions Mi

is substantially influenced by the skin depth effect, which will
be discussed in the next subsection.

We utilize a method proposed in [33] to determine the
lumped capacitor model Cp for the parasitic capacitance in the
MI waveguide system. We assume that the coating material of
the wire on the coil has a relative permittivity εc; the diameter
of the bare wire is Db; and the diameter of the coated wire
is Dc. Then, the value of the parasitic capacitance Cp can be
calculated by the following formula:

Cp =
1

Nt − 1
· ε0 · 2πa ·

[ ε′c · arccos(1 − ln Dc
Db

ε′c
)

ln Dc
Db

(5)

+ cot

⎛⎜⎜⎜⎜⎜⎜⎝0.5 arccos(1 −
ln Dc

Db

ε′c
)

⎞⎟⎟⎟⎟⎟⎟⎠ − cot(
π

12
)

]
;

where ε0 is the permittivity of the vacuum permittivity; and
ε′c =

εc
ε0

is the relative permittivity of the wire coating material.
According to (5), we can control the parasitic capacitance at
an acceptable value by: 1) increasing the number of turns of
the coil; 2) using thicker wire coating; and 3) using coating
material with lower permittivity.

By utilizing the multi-stage high frequency transformer
model and it’s equivalent circuit, the path loss and the band-
width of the MI waveguide communication system can be
calculated. Before calculating the MI channel capacity, we
need to solve the remaining question, i.e. modeling the skin
depth effects on the mutual induction Mi.

C. Modeling the Influence of Skin Depth

The skin depth describes how the time-varying EM field
is distributed within a conductive material, i.e. how deep the
EM field can exist beneath the surface of the conductor. In RF-
challenged enviornments, although the transmission medium
generally consists of non-conductive materials, it can have a
certain level of conductivity under certain circumstances, such
as in wet soil, oil reservoirs, and copper mines. If the operating
frequency is low, the skin depth is very large and the EM field
can be considered to exist anywhere in the medium. Hence,
the skin depth can be ignored. However, in SR strategy, the
operating frequency is supposed to be as high as possible.
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Then, the skin depth become much smaller. Consequently,
the EM field has enough strength only within a shorter range
around the MI coil. Beyond this range, the EM field may
become extremely weak.

The small skin depth can significantly weaken the mutual
induction between adjacent MI coils in a MI waveguide
communication system, which induces the additional loss of
the magnetic field. According to [5], the MI coil is modeled
as a magnetic dipole since the intervals between adjacent coils
are much larger than the coil size. Hence, the mutual induction
can be deduced by the magnetic potential A of the magnetic
dipole. The expression of A in non-conductive medium is
provided in [5]. However, in SR strategy, A will have an
additional attenuation factor G due to the skin depth effect.
The additional attenuation factor G is a function of the distance
between the two MI coils r and the skin depth δ in the medium.
G(r, δ) can be calculated according to the model provided in
[35], where

G(r, δ)=
∣∣∣∣∣
∫ ∞

0

x3

x + [x2 + j(
√

2r
δ

)2]
1
2

· exp
[
−x2− j(

√
2r
δ

)2
] 1

2 ·dx
∣∣∣∣∣.

(6)

The skin depth δ is a function of the operating frequency,
the medium permeability μ, the medium permitivity ε, and the
medium conductivity σ, which can be calculated by [36]:

δ =
1

ω

√
με
2

( √
1 + σ2

ω2ε2
− 1

) . (7)

The skin depth effect can be accurately characterized by
the additional attenuation factor G(r, δ) in (6). However, (6)
contains integral computations that is not favorable in most
optimization problems. Hence, we approximate (6) by a sim-
pler function of the ratio of coil interval r and skin depth δ. By
analyzing the numerical results of (6), we can approximately
match G(r, δ) as an exponential function of r

δ
as follows:

G(r, δ) � 1.004 · exp
(
− 0.1883 ·

( r
δ

)1.671
)
. (8)

where the data fitting is conducted under the condition that the
relative skin depth r

δ
is in the range from 0 to 10. It should

be noted that G(r, δ) is almost 0 when r
δ = 10. Since G(r, δ) is

monotonically decreasing and non-negative, the approximation
done in (8) is applicable for all values of r

δ
from 0 to infinity.

Then, the mutual induction of the ith coil and the (i − 1)th

coil can be calculated by:

Mi � μπN2
t

a4

4r3
G(ri, δ) · (2 sin θit sin θir + cos θit cos θir), (9)

where ri is the distance between the ith coil and the (i − 1)th

coil; θit and θir are the angles between the coil radial directions
and the line connecting the two coils.

D. Optimization Solution

By substituting (5) and (9) into (4), the equivalent circuit
model of the MI waveguide system under the SR strategy is
completed. Given the circuit parameters, the received power
Pr at the receiver coil can be calculated. By investigating

the Pr as functions of the transmission distance and the
operating frequency, the path loss and the bandwidth of the
MI waveguide communication system can be derived.

To obtain the lowest path loss, the loaded capacitor should
be as small as possible to achieve high operating frequency.
However, according to the equivalent circuit model given in
(4), if the loaded capacitor is smaller than the parasitic ca-
pacitance, it cannot effectively control the resonant frequency.
Instead, the parasitic capacitance would determine the resonant
frequency. Therefore, to keep the resonant frequency under
control, the bottom line is to that the loaded capacitor should
be larger than the parasitic capacitance. In this paper, our
objective is to maximize the MI channel capacity and we want
the smallest path loss and the largest bandwidth. Therefore, we
let the loaded capacitor have a value on par with the parasitic
capacitance. As a result, the path loss of the MI waveguide
can be minimized while we can still tune the value of the
loaded capacitor to assign optimal resonant frequency to each
MI coils. Based on the above discussion, we can calculate the
received power Pr with matched load as follows:

Pr � 1
4
·
∣∣∣∣∣∣∣

2 · Zn−1,n + Rc

( jωLc +
1
2

1
jωCn
+ 2 · Zn−1,n + Rc)2

∣∣∣∣∣∣∣ (10)

·
∣∣∣∣∣∣Us · M1

Lc
· − jωM2

Z0,1 + jωLc +
1
2 ( 1

jωC1
+ Rc)

· . . .

· − jωMn

Zn−2,n−1 + jωLc +
1
2 ( 1

jωCn−1
+ Rc)

∣∣∣∣∣∣
2

,

In (10), Zi,i−1 and Zi−1,i are the coupled impedance that
the adjacent coils put on each other. Zi,i−1 and Zi−1,i have
significant effects only if the coils are closely placed (i.e. the
interval ri between adjacent coils is small enough). However,
one of the design objectives is to use as few relay coils
as possible to reduce the deployment and maintenance cost.
According to the numerical calculations using (4), Zi,i−1 and
Zi−1,i can be safely neglected if the ratio of the coil interval and
the coil size (radius) ri

a is larger than 10, which is applicable
in most envisioned applications. Hence, by using (10) while
ignoring the coupled impedances, the path loss of the MI
waveguide system under the SR strategy can be calculated:

Lp(ω) �1
4
·
∣∣∣∣∣∣∣

R2
c

( jωLc +
1
2

1
jωCn
+Rc)2

∣∣∣∣∣∣∣ (11)

·
∣∣∣∣∣∣∣
M1

Lc
· − jωM2

jωLc+
1
2 ( 1

jωC1
+Rc)

·. . .· − jωMn

jωLc +
1
2 ( 1

jωCn−1
+ Rc)

∣∣∣∣∣∣∣
2

.

It should be noted that the transmission power Pt used for
calculating the MI path loss is the maximum power at the
transmitter, i.e., P max

t =
U2

s

Rc
. The reason is that the actual trans-

mission power of the MI communication systems decreases as
the transmission distance increases. Less power can be emitted
as the MI coils are placed further to each other. Hence, using
the actual transmission power results in an unrealistically small
value for the path loss, which cannot characterize the MI
channel. By using the maximum transmission power, the path
loss cannot be underestimated.
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In SR strategy, the bandwidth of the MI waveguide is
determined by how widely the resonant frequency is spread:

B = n · Δ f . (12)

Fluctuations may exist inside the bandwidth since the path loss
reaches its local minima at each resonant frequency of the MI
coils, which can be eliminated by channel equalizations.

Then, by substituting (11) and (12) into (2), the MI channel
capacity can be calculated. To avoid the integral in the
optimization, we select a single frequency, i.e. f = f0− n−1

2 ·Δ f ,
in calculating the path loss Lp(2π f ) in (13). At such frequency,
the MI waveguide system achieves maximum in-band path loss
due to the following two reasons: 1) MI waveguide path loss
achieves its local maxima at the frequency in the middle of
two adjacent resonant frequencies; and 2) the overall path loss
increases as the signal frequency deviates from the central
operating frequency. Therefore, all the path loss inside the
bandwidth is guaranteed to be lower than the path loss at
f0 − n−1

2 · Δ f . Due to this reason, the actual system channel
capacity can be slightly higher than theoretical one derived in
this paper. Moreover, to guarantee correct demodulation, the
signal to noise ratio is expected to be sufficiently large. Hence,
the constant 1 inside the logarithm function can be neglected.
Then, the MI channel capacity in (1) can be deduced as

CMI � n · Δ f · log2

⎧⎪⎪⎪⎨⎪⎪⎪⎩
Pt · Lp

[
2π( f0 − n−1

2 · Δ f )
]

Nambient

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (13)

= n · Δ f ·
[

log2

(
Pt

Nambient
· R2

c

4ωLc

)
+ 2

n∑
i=1

log2 |ωMi|

− 2
n∑

i=1

log2

∣∣∣∣∣ jωLc +
1

2 jωCi
+

Rc

2

∣∣∣∣∣
]
;

where ω = 2π( f0 − n−1
2 · Δ f ); Ci is set to the value to achieve

the resonant status at the frequency f0 + (i − n
2 ) · Δ f , i.e.

1
j4π[ f0 + (i − n

2 ) · Δ f ] ·Ci
+ j2π[ f0 + (i − n

2
) · Δ f ] · Lc = 0;

(14)

Then the MI channel capacity can be further developed as:

CMI =n·Δ f ·
[

log2

(
Pt

Nambient
· R2

c

4ωLc

)
+ 2

n∑
i=1

log2 |ωMi| (15)

−2
n∑

i=1

log2

∣∣∣∣∣∣∣ j2π·
[2 f0 + (i + 1

2 − n)Δ f ] · ( 1
2 − i)Δ f

f0 − n−1
2 · Δ f

·Lc +
Rc

2

∣∣∣∣∣∣∣
]
;

Since the resonant frequency deviation i ·Δ f , (i = 1, 2, ..., n) is
much smaller than central operating frequency f0, the channel
capacity formula can be further developed as

CMI �n·Δ f ·
[
log2

(
Pt

Nambient
· R2

c

4ωLc

)
+ 2

n∑
i=1

log2 (2π f0 · |Mi|)

− 2
n∑

i=1

log2

∣∣∣∣∣ j2π · (1 − 2i)Δ f · Lc +
Rc

2

∣∣∣∣∣
]
; (16)

As mentioned in Section III-C, the mutual inductions Mi be-
tween the MI coils are random variables since the position and
the directions of each MI coils may vary in different locations
as time elapses. Therefore, the MI channel capacity is also

a random variable. In the optimization problem addressed in
this paper, we aim to maximize the ε-outage channel capacity
Outageε[CMI ], which is the channel capacity that the MI
communication system can achieve with a probability 1 − ε.

Since the coils are supposed to be deployed in dense
medium like underground soil medium, it is unlikely that the
coils can be shifted a distance longer than the dimension of the
coil once the coils are deployed. Moreover, the coil interval
length is much longer than the coil size in MI communication
systems. Therefore, within the deviation limit, the influence of
the deviations of the intervals ri can be neglected. However,
the directions of the coils can be highly random in some
specific applications, such as the oil reservoir monitoring.
Assuming each MI coil has an independent and identically
distributed (i.i.d) direction, the MI channel capacity can be
approximately viewed as a Gaussian random variable, which
can be proven as follows. According to (16), only the second
term in the MI channel capacity formula is a random variable.
This term is the sum of the logarithm functions of the mutual
induction of each MI coil. Since the value of the mutual
induction of each coil is i.i.d and the MI waveguide usually
consists of many relay coils, the term

∑n
i=1 log

[
2π f0 · |Mi|]

approximately follows the normal distribution according to the
central limit theorem [37]. Since the other two terms in (16)
are not random variables, the total MI channel capacity also
follows the normal distribution. The mean value of the MI
channel capacity can be approximately expressed as

E[CMI]=n·Δ f ·
[
log2

(
Pt

Nambient
· R2

c

4ωLc

)
+2n·log2

(
2π f0 ·|M0( f0)|

)

− 2
n∑

i=1

log2

∣∣∣∣∣ j2π · (1 − 2i)Δ f · Lc +
Rc

2

∣∣∣∣∣
]
; (17)

where M0( f0) is the initial direction or the designed direction
of each coil. There two types of the designed directions of
MI coils: the axial alignment and the planar alignment. In
the axial alignment, θit = 0 and θir = 0; while in the planar
alignment, θit =

π
2 and θir =

π
2 . It should be noted that M0( f0)

is still a function of the central operating frequency f0 since
the skin depth takes effect at any directions of the coils.

The variance of the MI channel capacity Var[CMI ] cannot
be analytically calculated since it depends on the specific
applications and environments, which can be dramatically
different from case to case. Therefore, in this paper, we set
the variance of the MI channel capacity as q% of the mean
capacity, where the value of q defines how severely the coil
directions may deviate from the designed value. Then, the ε-
outage channel capacity Outageε[CMI] can be calculated as

Outageε[CMI ] = E[CMI ] + erf−1(2ε − 1) · √2Var[CMI]. (18)

Now the optimization problem given in (3) can be realized:

Find : f0, Δ f

Maximize : Outageε[CMI ]

S ub ject to : f0 +
n
2
· Δ f <

1

2π
√

Lc ·Cp

(19)

where Cp is the lumped model of the parasitic capacitance,
which is given by (5). The constraints in (19) are due to the
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fact that the loaded capacitor should be larger than the parasitic
capacitance, as discussed previously.

Although the problem in (19) is a nonlinear programming,
it can be solved by the convex optimization methods [38],
especially the Lagrange multiplier, due to the following rea-
sons: 1) the ε-outage channel capacity Outageε[CMI] is a
concave function of the central frequency f0 and the spread
intensity Δ f ; and 2) the constraint set f0 + n

2 · Δ f < 1
2π
√

Lc ·Cp

is convex. Hence, the optimal central operating frequency f0
and the optimal spread intensity Δ f in the SR strategy can be
derived by solving the convex programming problem defined
in (19). Since (19) is already the standard form of a convex
programming problem, it would be trivial to show the detailed
procedure of classic Lagrange multiplier method to solve the
convex programming problem in this paper. In next section,
we will discuss the optimization results in details based on the
numerical evaluations.

IV. Numerical Evaluation

In this section, the performance of the SR strategy is
evaluated by Matlab numerical results. The effects of the
transmission distance, the parasitic capacitance, the skin depth,
and the coil direction rotations on the maximum MI channel
capacity, the optimal operating frequency, and the intensity
of the spread resonant frequency are quantitatively captured.
The MI channel capacity optimized by the SR strategy is
also compared with the capacity of the original MI waveguide
communication system, which validates the dramatic capacity
increase of the proposed strategy. We use the 10-dB bandwidth
to calculate the channel capacity of the original MI waveguide.
It should be noted that the capacity contribution from the
signal that has a received power more than 10 dB lower than
the power at the central frequency can be neglected.

In the evaluations, except studying the effects of certain
parameters, the default values are set as follows: The MI
waveguide consists of MI coils with the radius of 0.5 m. The
number of turns of each coil is N = 10. The coils are deployed
every r = 5 m. The total number of coils n are determined
by the transmission distance d, i.e., n = � d

r �. The coils are
made of cooper wire with 4 mm diameter and 2 mm thick
coating material. The unit resistance of such copper wire is
0.5 Ω/km. The relative permittivity of the coating material is
2. The parasitic capacitance of such MI coil can be calculated
by (5), which is 51 pF. As discussed in the beginning, the
permeability of the transmission medium is the same as that
in the air, i.e. μ0 = 4π × 10−7 H/m. The conductivity of
the transmission medium σ = 0.0005 S/m. The transmission
power is set as 10 dBm (10 mW) and the background noise
level is −105 dBm. As discussed in the last section, the effect
of the random coil direction is characterized by the ratio of
the capacity variance and the capacity mean value, which is
set to 20 % as the default value in the analysis.

In Fig. 3, the 20%-outage channel capacity is given as a
function of the central operating frequency f0 and the spread
intensity of the resonant frequency Δ f . As expected, the
MI channel capacity is a concave function of f0 and Δ f ,
which justifies the effectiveness of the Lagrange multiplier
optimization method. As shown in Fig. 3, the spread intensity
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Fig. 3. The 20%-Outage channel capacity as a function of the central
operating frequency and the spread intensity of the resonant frequency.
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Fig. 4. Effects of transmission distance and random coil directions.

Δ f ranges from 0 to 1000 Hz. There is an optimal intensity
for each central operating frequency that can maximize the MI
channel capacity. The central operating frequency f0 ranges
from 500 KHz to the maximum operating frequency, which is
constrained by the parasitic capacitance as shown in (19). The
MI channel capacity in Fig. 3 is a monotonically increasing
function of f0 in this range. The reason for the monotonic
increase is that the medium conductivity is not very high in
Fig. 3. Hence, the skin depth effect is not significant for the
coil interval length. As a result, the constraint only comes
from the parasitic capacitance in this scenario.
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In Fig. 4(a), the 20%-outage channel capacity with and
without coil direction deviations is given as a function of trans-
mission distance. The capacity of the original MI waveguide
communication with the same parameters is also plotted for
comparison. As shown in Fig. 4(a), the SR strategy achieves a
MI channel capacity that is much higher than the original MI
waveguide system, especially in the far region. The reason for
the significant capacity increase can be explained as follows. If
the MI coils are deployed close enough to maintain sufficient
coupling, the path loss can be controlled in a low level even
the transceivers are hundreds of meters apart from each other.
However, in the original MI waveguide system, the system
bandwidth dramatically decreases as the number of relay coils
increases. The SR strategy solves this problem by assigning
unique and optimal resonant frequency for each MI coil to
tradeoff the low path loss and the high bandwidth, which
results in a much higher channel capacity. An interesting
phenomenon is that the MI channel capacity under SR strategy
increases as the transmission distance increases at first. This is
due to the fact that more relay coils are used when the distance
increases. More relay coils means that the resonant frequencies
are spread more widely. However, after a certain distance,
the MI channel capacity starts to decrease. This is due the
reason that the system path loss increases dramatically when
the transmission distance is larger than a threshold. Fig. 4(a)
also indicates that the random directions of the MI coils sig-
nificantly affect the MI channel capacity, especially in the SR
strategy that highly depends on the mutual induction between
adjacent coils. In Fig. 4(b), the optimal spread intensity of
the resonant frequency is given as a function of transmission
distance. As expected, the optimal spread intensity decreases
as the transmission distance increases, which can lower the
path loss in the far region. As discussed previously, when the
medium conductivity is low, it is always optimal to choose the
maximum central operating frequency no matter how large the
transmission distance is.

In Fig. 5, the effects of the parasitic capacitance on the SR
strategy are investigated. Fig. 5(a) shows the optimal 20%-
outage channel capacity as a function of parasitic capacitance;
Fig. 5(b) gives the optimal frequency spread intensity as
a function of parasitic capacitance; and Fig. 5(c) provides
the optimal central operating frequency as a function of
parasitic capacitance. As the parasitic capacitance increases,
the allowed maximum operating frequency also decreases.
Since the medium conductivity is not very high, the optimal
operating frequency equals the maximum operating frequency,
which decreases as the parasitic capacitance increases. Lower
operating frequency causes weaker mutual magnetic coupling
and smaller optimal frequency spread intensity. Therefore, the
optimal MI channel capacity also dramatically decreases as
the parasitic capacitance increases.

In Fig. 6, the effects of the medium conductivity or the
skin depth on the SR strategy is analyzed. Fig. 6(a), Fig. 6(b),
and Fig. 6(c) give the optimal 20%-outage channel capacity,
the optimal frequency spread intensity, and the optimal central
operating frequency as functions of the medium conductivity,
respectively. As the medium conductivity increases, the mutual
induction between adjacent coils is weakened due to the
smaller skin depth. Hence, the optimal frequency spread inten-
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Fig. 5. Effects of parasitic capacitance.

sity decreases accordingly to compensate the weakened mutual
induction. The optimal MI channel capacity also decreases as
the medium conductivity increases. To achieve the optimal MI
channel capacity, the maximum central operating frequency
is selected when the medium conductivity is smaller than a
threshold, since the higher operating frequency enhances the
induced voltage UMI at each MI coil while the skin depth is
still not too small. However, when the medium conductivity
is larger than the threshold, higher operating frequency causes
much smaller skin depth. As a result, the optimal operating
frequency is smaller than the maximum operating frequency.

V. Conclusion

In this paper, we propose the Spread Resonance (SR) strat-
egy to increase the channel capacity of the MI waveguide com-
munication systems in RF-challenged environments. Unique
resonant frequency is optimally allocated for each MI relay
coils and transceiver coils. As a result, the received power
is not concentrated at the single central operating frequency
but is spread among the multiple resonant frequencies. We
formulate an optimization problem for the resonant frequency
allocation to maximize the MI channel capacity, which can be
solved by the Lagrange multiplier method. Multiple unique MI
effects are analytically captured in the optimization, including
the parasitic capacitor in each MI coil, the skin depth in
various transmission media with limited conductivities, and
the random direction of each coil.

Through the theoretical analysis and numerical evaluations,
we find significant channel capacity improvements in the
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Fig. 6. Effects of medium conductivity and skin depth.

MI waveguide communication system if the proposed SR
strategy is applied. Since the adjacent coil in the MI waveguide
communication system is very weakly coupled to minimize the
number of relay coils, there exists a tradeoff between larger
bandwidth and lower MI path loss. The SR strategy utilizes
this tradeoff and find the optimal balance by letting each MI
coils working at different pre-designed resonant frequencies.
Despite the advantages, the system complexity is significantly
increased since each relay coil in a MI waveguide is different
from each other now. The system deployment also becomes
more difficult due to the non-homogeneous MI waveguide.
To solve this problem in the future, more advanced MI
waveguide structures other than simple resonant coils need
to be investigated. For example, the thin-film MI waveguide
[21] provided an improved structure to enhance both the MI
bandwidth and received signal strength in the strong mutual
coupling applications. It remains an open research issue to
find out advanced MI waveguide structure to improve the
performance of the MI-based wireless communications where
the mutual coupling is very weak.
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