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F1 Euxql4/ F1 Vfrjolr5/ V1 Yhujdul4

4Glsduwlphqwr gl Lqirupdwlfd h Vlvwhplvwlfd/ Xqlyhuvlw| ri Urph �Od Vdslhq}d�/

Yld Hxgrvvldqd 4;/ 334;7 Urph/ Lwdo|

ieuxqlf/ yhujduljCglv1xqlurpd41lw
5Eurdgedqg dqg Zluhohvv Qhwzrunlqj Ode/ Vfkrro ri Hohfwulfdo dqg Frpsxwhu

Hqjlqhhulqj/

Jhrujld Lqvwlwxwh ri Whfkqrorj|/ Dwodqwd JD 63665/ XVD

fdwhulqdChfh1jdwhfk1hgx

Devwudfw1 Rswlpdo frqwuro lv d srvvleoh dssurdfk wr Lqwhuqhw wud!f hq0

jlqhhulqj/ zklfk dlpv wr dfklhyh TrV jxdudqwhhv dqg h!flhqf| lq qhwzrun

uhvrxufhv xvh1 Wkh jrdo fdq eh ehwwhu dfklhyhg e| xvlqj wkh Pxowl0Surwrfro

Odeho Vzlwfklqj whfkqltxh +PSOV,/ zklfk surylghv lqfuhdvhg vfdodelolw|/

pdqdjhdelolw| dqg hqkdqfhg TrV ixqfwlrqv lq LS0edvhg qhwzrunv1 Lq wklv

frqwh{w/ wklv sdshu sursrvhv d phwkrg wr �qg wkh rswlpdo fdsdflw| suryl0

vlrqlqj iru d Odeho Vzlwfkhg Sdwk +OVS, ri d PSOV qhwzrun1 Wkh rswlpdo

fdsdflw| doorfdwlrq iru d jlyhq wlph lqwhuydo lv frpsxwhg zlwk uhvshfw wr d

txdgudwlf frvw ixqfwlrq lqfoxglqj d vzlwfklqj frvw dqg d pdqdjhphqw frvw

iru wkh zkroh qhwzrun1 Wkh xqltxh rswlpdo vroxwlrq lv dqdo|wlfdoo| frp0

sxwhg dvvxplqj wkh nqrzohgjh ri wkh r�huhg wud!f iru wkh zkroh frqwuro

lqwhuydo1 Ixuwkhupruh/ d vxe0rswlpdo rq olqh vroxwlrq lv sursrvhg zklfk

rqo| uhtxluhv wkh nqrzohgjh ri d qduurz volglqj zlqgrz ri wkh r�huhg wudi0

�f1 Rswlpdo dqg vxe0rswlpdo vroxwlrqv duh frpsduhg zlwk uhvshfw wr d

vlpxodwhg fdvh vwxg|/ hqoljkwhqlqj wkh vlpsolflw| dqg/ dw wkh vdph wlph/

wkh h�hfwlyhqhvv ri wkh vhfrqg rqh1
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Wkh jurzwk ri Lqwhuqhw kdv pdgh hylghqw wkh qhhg iru Wud!f Hqjlqhhulqj +WH,

zklfk ehfdph dq hvvhqwldo wrro iru Lqwhuqhw Vhuylfh Surylghuv +LVSv, wr rswlpl}h

wkh qhwzrun uhvrxufhv xwlol}dwlrq lq rughu wr dfklhyh TrV jxdudqwhhv1 Wrgd|/
TrV0edvhg vhuylfhv duh r�huhg lq whupv ri frqwudfw djuhhphqwv ehwzhhq wkh LVS

dqg lwv fxvwrphuv1

Vhyhudo dufklwhfwxuhv iru vxssruwlqj TrV kdyh ehhq ghyhorshg^4/ 5`1 D vwudw0
hj| sursrvhg lq LHWI^6` lv wr frqvlghu wzr gl�huhqw w|shv ri vhuylfhv= Frusrudwh0

vhuylfh dqg Fxvwrphu0vhuylfh1
Frusrudwh0vhuylfh lv edvhg rq d frqwudfw/ wkh Vhuylfh Ohyho Djuhhphqw +VOD,/

ehwzhhq wkh fxvwrphu dqg wkh LVS/ zklfk lv ydolg iru d uhdvrqdeoh shulrg ri wlph



dqg iru d odujh dprxqw ri edqgzlgwk1 Wklv w|sh ri djuhhphqw fdq eh frqvlg0

huhg �txdvl shupdqhqw VOD� dqg lw lv sduwlfxoduo| dssursuldwh iru frpsdqlhv
zkr iuhtxhqwo| uhtxluh TrV jxdudqwhhv dqg frqqhfwlrqv dprqj glvwdqw qhwzrun

qrghv +h1j1 eudqfk r!fhv,1 Wkh frqwudfw frxog dovr frqvlghu �txdvl rq0ghpdqg�

uhtxhvwv/ l1h1/ edqgzlgwk uhtxhvwv zklfk fdq eh vdwlv�hg zlwklq d ghwhuplqdwh
shulrg ri wlph dqg qrw lpphgldwho| �rq0ghpdqg�1

Rq wkh rwkhu kdqg/ fxvwrphu0vhuylfh lv qrw edvhg rq txdvl shupdqhqw VODv
exw vxssruwv wkh vhwxs ri g|qdplf TrV vhvvlrqv1

Iurp wkh deryh frqvlghudwlrqv/ lw wxuqv rxw wkdw WH fdq eh h{huflvhg rq wzr

wlph0vfdohv ghshqglqj rq wkh vhuylfh qdwxuh=

orqj0whup= wkh wud!f uhtxhvwv duh suhglfwhg rq d zlgh lqwhuydo +gd|v0zhhnv0

prqwkv, e| wkh h{lvwlqj orqj0whup VOD frqwudfw>

vkruw0whup= ghflvlrqv duh edvhg rq wkh revhuyhg vwdwh ri wkh rshudwlrqdo qhwzrun

rq d vkruw lqwhuydo +plqxwhv0krxuv,1

Pxowl0Surwrfro Odeho Vzlwfklqj +PSOV, fdq eh xvhg wr shuirup WH ^7`1 Lw

kdv ehhq vkrzq wkdw PSOV surylghv lqfuhdvhg vfdodelolw|/ pdqdjhdelolw| dqg

TrV ixqfwlrqv wr LS0edvhg qhwzrunv^8`1
PSOV lv wkh frqyhujhqfh ri frqqhfwlrq0rulhqwhg iruzduglqj whfkqltxhv dqg

wkh Lqwhuqhw*v urxwlqj surwrfrov^9/ :`1 PSOV gluhfwv wkh  rz ri LS sdfnhwv dorqj
d suhghwhuplqhg sdwk lqvlgh wkh qhwzrun/ fdoohg Odeho Vzlwfkhg Sdwk +OVS,1 Wkh

pdlq frqfhsw ri PSOV lv wr sdg d odeho rq hdfk sdfnhw1 Sdfnhwv duh dvvljqhg

d vkruw �{hg ohqjwk odeho wkdw vxppdul}h wkh ghvwlqdwlrq/ wkh suhfhghqfh/ TrV
lqirupdwlrq dqg urxwh1

Wkh OVS vhwxs sureohp kdv ehhq dssurdfkhg lq rughu wr uhgxfh wkh qxpehu

ri OVSv lq wkh qhwzrun dqg wr jhw dq rswlpdo uhvrxufhv xwlol}dwlrq^;/ <`1 Dqrwkhu
lpsruwdqw lvvxh lv wkh PSOV qhwzrun glphqvlrqlqj= wkh remhfwlyh lv wr dffrp0

prgdwh doo h{shfwhg ghpdqgv zlwkrxw ryhuordglqj dq| sduw ri wkh qhwzrun1
Lq wklv sdshu zh frqvlghu wzr urxwhuv frqqhfwhg e| d gluhfw OVS dqg zh

irupxodwh wkh OVS fdsdflw| glphqvlrqlqj sureohp dv dq rswlpl}dwlrq sureohp1

Zh zloo dvvxph wkdw/ dw hdfk wlph/ wkh edqgzlgwk uhtxhvw ehwzhhq wkh wzr
frqvlghuhg urxwhuv lv frpsohwho| vdwlv�hg/ sduwo| e| wkh OVS gluhfw frqqhfwlrq

dqg sduwo| e| dq dowhuqdwlyh LS frqqhfwlrq +wklv odwwhu li wkh OVS fdsdflw| lv qrw

hqrxjk wr vdwlvi| wkh uhtxhvw,1 Iluvw zh dvvxph wr nqrz wkh edqgzlgwk uhtxhvwv
ehwzhhq wkh wzr urxwhuv ryhu wkh zkroh frqwuro wlph lqwhuydo ^3/ W`1 Wklv lv d txlwh

xqolnho| dvvxpswlrq ehfdxvh lw lv qrw srvvleoh wr h{dfwo| suhglfw wkh wud!f sur�oh
wkdw zloo eh r�huhg wr wkh qhwzrun/ gxh wr wkh qdwxuh ri LS wud!f1 Krzhyhu/

zh revhuyh vrph surshuwlhv ri wkh rswlpdo vroxwlrq wkdw doorz xv wr uhgxfh wkh

qhhg iru wkh edqgzlgwk uhtxhvw nqrzohgjh mxvw wr d volglqj zlqgrz ryhu ^3/ W`/
fhqwhuhg rq wkh fxuuhqw wlph1 Lq wklv fdvh zh rewdlq d vxe0rswlpdo/ doprvw �rq

olqh�/ vroxwlrq1

Lq wkh frqwh{w ri orqj0whup WH dqg lq sduwlfxodu ri frusrudwh0vhuylfh djuhh0
phqwv zklfk frqvlghu �txdvl rq0ghpdqg� edqgzlgwk uhtxhvwv/ wkh nqrzohgjh ri

d qduurz volglqj zlqgrz ryhu ^3/W` lv d pxfk pruh olnho| dvvxpswlrq ehfdxvh



dq dkhdg errnlqj fdq eh frqvlghuhg1 Pruhryhu/ wkh sursrvhg vroxwlrq lv frp0

sohwho| lqghshqghqw ri dq| vwrfkdvwlf dvvxpswlrq rq wkh Lqwhuqhw wud!f ghpdqg
ehkdylrxu1

Lq wkh qh{w Vhfwlrq/ zh irupxodwh wkh rswlpdo OVS fdsdflw| surylvlrqlqj

sureohp zlwk wkh dvvxpswlrq ri nqrzlqj wkh r�huhg wud!f ryhu wkh zkroh frqwuro
lqwhuydo1 Wkhq wkh vroxwlrq lv irxqg zlwk uhvshfw wr d txdgudwlf frvw ixqfwlrq

dqg vxemhfwhg wr d sk|vlfdo orzhu erxqg frqvwudlqw1 Lq Vhfwlrq 6/ dq rq olqh
vxe0rswlpdo vroxwlrq ri wkh vdph sureohp lv sursrvhg/ rewdlqhg e| uhgxflqj

wkh k|srwkhvlv rq wkh edqgzlgwk uhtxhvwv nqrzohgjh1 Lq wkh vdph Vhfwlrq/

dq dqdo|vlv kdv ehhq shuiruphg derxw wkh dssur{lpdwlrq r�huhg e| wkh vxe0
rswlpdo vroxwlrq zlwk uhvshfw wr wkh rswlpdo rqh1 Lq Vhfwlrq 7/ vrph frqfoxglqj

uhpdunv duh jlyhq zlwk uhvshfw wr d vlpxodwhg fdvh vwxg|> wkh uhvxowv frq�uphg

wkh kljk dssur{lpdwlrq ohyho ri wkh vxe0rswlpdo vroxwlrq/ wrjhwkhu zlwk uhohydqw
dgydqwdjhv uhodwhg wr wkh uhgxfwlrq lq wkh uhtxluhg lqirupdwlrq1
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Ohw xv ghqrwh e| ^3/ W` wkh �{hg frqwuro wlph lqwhuydo ryhu zklfk zh dvvxph wr
nqrz wkh edqgzlgwk uhtxhvwv ehwzhhq wzr �{hg urxwhuv1 Zh frqvlghu dq xqlirup

glvfuhwl}dwlrq ri ^3/ W` dqg ghqrwh e| n @ 4> ===>Q / wkh glvfuhwh wlph yduldeoh1
Ixuwkhupruh/ ohw e+n, dqg {+n, uhvshfwlyho| ghqrwh wkh edqgzlgwk uhtxhvw dqg

wkh OVS fdsdflw| dw wlph n1 Zh dvvxph wkdw e +n, 5 ^3> D`/ n @ 4> ===> Q / zkhuh

D ghqrwhv wkh edqgzlgwk dydlodelolw| rq wkh OVS1 Zh fdq frqvlghu wkh OVS
fdsdflw| olnh d vlpsoh olqhdu glvfuhwh wlph g|qdplfdo v|vwhp=

{+n, @ {+n � 4, .�+n,> n @ 4> 5> ===> Q +4,

zkhuh wkh lqlwldo vwdwh {+3, @ {3 lv dvvxphg nqrzq dqg srvlwlyh dqg wkh frqwuro

yduldeoh �+n, uhsuhvhqwv wkh fdsdflw| yduldwlrq ri wkh OVS dw wlph n1

Wkh OVS fdsdflw| lv frqvwudlqhg e| wkh iroorzlqj lqhtxdolwlhv=

{+n, � 3> n @ 4> 5> ===> Q +5,

zklfk kdv dq reylrxv sk|vlfdo phdqlqj1

Iru wkh deryh OVS fdsdflw| surylvlrqlqj sureohp/ d frvw ixqfwlrq kdyh gh0

�qhg lq rughu wr pdwfk wkh jrdo ri wdnlqj lqwr dffrxqw wkh prvw uhohydqw frvw
whupv zlwk wkh rqh ri jhwwlqj d kdqgolqj pdwkhpdwlfdo irupxodwlrq1 Lq sduwlfxodu

zh frqvlghu wkh iroorzlqj frvw whupv=

� OVS frvw= lw wdnhv lqwr dffrxqw wkh frvw gxh wr wkh uhvhuyhg fdsdflw|

xvhg wr iruzdug sdfnhwv lq PSOV prgh1 Wklv frvw/ dw wlph n/ lv dvvxphg
sursruwlrqdo wr wkh OVS fdsdflw|=

Mo+n, @ fo � {+n, +6,

zkhuh fo A 3 lv wkh xqlwdu| frvw iru OVS fdsdflw| doorfdwlrq1



� H{fhvv frvw= lw wdnhv pdlqo| lqwr dffrxqw d frvw gxh wr sdfnhwv vzlwfklqj

shuiruphg lq LS prgh dqg wkhlu urxwlqj rq dq dowhuqdwlyh sdwk wkdw rffxuv
zkhq wkh OVS fdsdflw| lv ohvv wkdq wkh edqgzlgwk uhtxhvw +{+n, ? e+n,,1

Iroorzlqj wkh fulwhuld wkdw iruzduglqj sdfnhwv lq PSOV prgh lv ohvv h{0

shqvlyh wkdq LS prgh/ zh dvvxph wkh xqlwdu| frvw frh!flhqw fh iru wkh
edqgzlgwk uhtxhvw qrw doorfdwhg rq wkh OVS/ juhdwhu wkdq fo1 Wr hpskd0

vl}h wkh dgydqwdjh ri PSOV whfkqltxhv dqg wr surprwh wkhlu xwlol}dwlrq/
zh frqvlghu wkh deryh phqwlrqhg frvw ghshqglqj txdgudwlfdoo| rq wkh gli0

ihuhqfh ehwzhhq wkh OVS fdsdflw| dqg wkh edqgzlgwk uhtxhvw1 Rq wkh

rwkhu kdqg/ lw pd| kdsshq wkdw/ dw d jhqhulf wlph n/ wkh OVS fdsdflw| lv
juhdwhu wkdq wkh edqgzlgwk uhtxhvw+{+n, A e+n,,1 Lq wklv fdvh d fhuwdlq

dprxqw ri edqgzlgwk lv uhvhuyhg zlwkrxw xwlol}dwlrq= zh kdyh dvvxphg wr

shqdol}h wklv hyhqw zlwk d frvw ghshqglqj txdgudwlfdoo| rq wkh dprxqw ri
zdvwh edqgzlgwk1 Iru vlpsolflw| zh frqvlghu wkh frh!flhqw shu xqlw ri

zdvwh edqgzlgwk htxdo djdlq wr fh1 Iurp wkh deryh frqvlghudwlrq/ dw wlph
n/ zh kdyh wkh iroorzlqj h{fhvv frvw whup=

Mh+n, @ fh � ^e+n,� {+n,`5 +7,

zkhuh/ dv douhdg| vdlg/ fh A fo1

� Glphqvlrqlqj yduldwlrq frvw= lw wdnhv lqwr dffrxqw wkh OVS glphqvlrqlqj

yduldwlrq frvw1 Hdfk fkdqjh ri OVS fdsdflw| lv fkdujhg lq rughu wr dyrlg

wrr pxfk zlgh OVS fdsdflw| uh0glphqvlrqlqj/ zklfk lq wxuqv d�hfwv wkh
glphqvlrqlqj ri wkh rwkhu OVSv lq wkh PSOV qhwzrun1 Wkh vdph whup

fdq dovr wdnh lqwr dffrxqw wkh vr fdoohg vljqdoolqj frvw zklfk rffxuv dw

hdfk OVS fdsdflw| yduldwlrq1 Wkh glphqvlrqlqj yduldwlrq frvw dw wlph n lv
dvvxphg wr ghshqg txdgudwlfdoo| rq wkh vl}h yduldwlrq ri OVS fdsdflw|=

My+n, @ fy ��
5
+n, +8,

zkhuh fy A 3 lv wkh xqlwdu| glphqvlrqlqj yduldwlrq frvw ri wkh OVS1

Lw iroorzv wkdw wkh wrwdo frvw ixqfwlrq lq wkh frqwuro lqwhuydo lv=

Mw @

Q[
n@4

fo{+n, .

Q[
n@4

fh^e+n,� {+n,`5 .

Q[
n@4

fy�
5
+n, 1 +9,

Iurp +4,/ wkh frvw ixqfwlrq +9, fdq eh uhzulwwhq dv iroorzv=

Mw @ fh

Q[
n@4

e5+n, . fo

Q[
n@4

{+n,� 5fh

Q[
n@4

e+n,{+n, . +fy . fh,{
5
+Q, .

.fy{
5
3 . +5fy . fh,

Q�4[
n@4

{5+n,� 5fy

Q�4[
n@4

{+n . 4,{+n,� 5fy{3{+4, 1

Rxu dlp lv wr plqlpl}h wkh wrwdo frvw Mw zlwk uhvshfw wr wkh yduldeoh {+n,/

n @ 4> ==> Q / lq wkh suhvhqfh ri frqvwudlqwv +5,1 Ohw xv qrwh wkdw wkh whupv



fh �
SQ

n@4 e
5
+n, dqg fy � {

5
3 gr qrw ghshqg rq {+n,/ n @ 4> ==> Q / wkhuhiruh zh gr

qrw frqvlghu wkhp lq wkh frvw plqlpl}dwlrq1 Zh fdq/ dw wklv srlqw/ irupxodwh
wkh iroorzlqj txdgudwlf surjudpplqj sureohp1

Sureohp 4 Ilqg d joredo plqlpxp iru wkh frvw ixqfwlrq=

M +{, @ {W �KQ � {. iW � { +:,

lq wkh dgplvvleoh vhw=

G @

�
{ 5 UQ

= { � 3

�
+;,

zkhuh { dqg i duh wkh iroorzlqj Q 0yhfwruv=

{ @

3
EC

{+4,
111

{+Q,

4
FD > i @

3
EEEC

fo � 5fh � e+4,� 5fy � {3
fo � 5fh � e+5,

111

fo � 5fh � e+Q,

4
FFFD +<,

dqg KQ lv wkh iroorzlqj Q �Q pdwul{=

KQ @

3
EEEEEEC

5fy . fh �fy 3 = 3 3

�fy 5fy . fh �fy = 3 3

3 �fy = = = =

= = = = �fy 3

3 3 = �fy 5fy . fh �fy
3 3 = 3 �fy fy . fh

4
FFFFFFD

1 +43,

Wkh pdwul{ KQ lv gh�qlwh srvlwlyh/ dv fdq eh hdvlo| suryhg e| h{sorlwlqj

vrph uhvxowv lq ^43`/ vr wkdw M lv vwulfwo| frqyh{ lq UQ 1

Wkh vroxwlrq ri Sureohp 4 lv jlyhq lq wkh iroorzlqj wkhruhp1

Wkhruhp 5 Dvvxplqj fh A fo/ e+n, �
4
5
/ n @ 4> ===> Q / wkh xqltxh vroxwlrq ri

Sureohp 4 lv=

{r @ �
4

5
K�4

Q � i +44,

Surri1 Wdnlqj wkh vwulfw frqyh{lw| ri M lqwr dffrxqw/ wkh xqltxh joredo
plqlpxp ri M lq UQ lv wkh vroxwlrq ri wkh htxdwlrq=

�
gM

g{

�W

{r

@ 5KQ � {r . i @ 3

wkdw lv +44,1 Lq rughu wr suryh wkdw +44, lv dovr wkh xqltxh vroxwlrq ri Sureohp

4/ zh zloo yhuli| wkdw {r 5 G/ wkdw lv {r +n, � 3/ n @ 4> ==> Q 1 Wkh jhqhulf

frpsrqhqw ri {r lv=

{r +n, @ �
4

5

Q[
m@4

�
K�4

Q

�
nm
� i +m, n @ 4> 5> ===>Q 1 +45,



E| vxlwdeo| kdqgolqj d uhvxow jlyhq lq ^43` derxw wkh dqdo|wlfdo h{suhvvlrq ri

K�4
Q / zh kdyh=

�
K�4

Q

�
lm
@

f
ml�mm
y

ghw iKQj
ghw

�
KQ�pd{il> mj

�
ghw

�
Nplqil> mj�4

�
+46,

zkhuh Kl/ l @ 4> ===> Q / lv dq l� l pdwul{ gh�qhg dffruglqj wr +43, dqg Nl lv wkh
iroorzlqj l� l pdwul{=

Nl @

3
EEEEC

5fy . fh �fy 3 = 3

�fy 5fy . fh = = =

3 = = �fy 3

= = �fy 5fy . fh �fy
3 = 3 �fy 5fy . fh

4
FFFFD > l @ 4> 5> ===> Q 1

Qrwlqj wkdw Kl dqg Nl/ l @ 4> ===>Q / duh gh�qlwh srvlwlyh pdwulfhv/ dv fdq eh
suryhg e| h{sorlwlqj djdlq uhvxowv lq ^43`/ wkh srvlwlylw| ri

�
K�4

Q

�
nm

iroorzv iurp

+46, iru n> m @ 4> ===> Q 1 Wkh srvlwlylw| ri {r +n,/ n @ 4> ===> Q / lv wkhq lpsolhg e|

wkh srvlwlylw| ri �i +m,/ m @ 4> ===> Q 1 Wklv/ lq wxuq/ lv dq reylrxv frqvhtxhqfh ri

wkh dvvxpswlrqv dqg ri wkh srvlwlylw| ri {31 �

Uhpdun 61 Lw lv zruwk qrwlqj wkdw wkh rswlpdo vroxwlrq {r +n,/ iru hdfk n/ ghshqgv

rq doo wkh vdpsohv e +m,/ m @ 4> ===> Q / dv lw fohduo| uhvxowv iurp +45,1

� ������
��� �� �
�� �����
��

Dowkrxjk wkh k|srwkhvlv ri frpsohwh nqrzohgjh ri Lqwhuqhw wud!f ghpdqg rq
wkh frqwuro glvfuhwh wlph lqwhuydo ^3/ Q ` lv sduwldoo| vxssruwhg e| orqj0whup WH

iudphzrun/ rxu dlp/ lq wklv Vhfwlrq/ lv wr uhgxfh wklv k|srwkhvlv1 Lqghhg/ zh

zloo vkrz wkdw/ iru wkh sduwlfxodu vwuxfwxuh ri wkh lqyhuvh pdwul{ K�4
Q / zh fdq

prwlydwh d vxe0rswlpdo vroxwlrq dvvxplqj wr nqrz mxvw d qduurz volglqj zlqgrz

rq wkh edqgzlgwk sur�oh/ fhqwhuhg dw wkh fxuuhqw wlph/ pxfk vpdoohu wkdq wkh

wrwdo wlph lqwhuydo ^3/ Q ` frqvlghuhg ehiruh1 Dv d frqvhtxhqfh/ wkh vwuxfwxuh
zklfk fkdudfwhul}hv wkh vxe0rswlpdo vroxwlrq fdq eh lpsohphqwhg �rq olqh�/

zkloh wkh rswlpdo rqh lv fohduo| �r� olqh�1
Lq rughu wr dqdo|}h wkh ehkdylrxu ri wkh vxerswlpdo vroxwlrq zh duh jrlqj wr

lqwurgxfh/ ohw xv gh�qh wkh iroorzlqj sdudphwhu=

�k @ pd{
l>m= ml�mm@k

q�
K�4

Q

�
lm

r
k @ 4> 5> ===> +Q � 4, 1 +47,

Wkh ehkdylrxu ri wkh deryh sdudphwhu �k kdv ehhq qxphulfdoo| lqyhvwljdwhg

iru gl�huhqw ydoxhv ri fy/ fh/ fo dqg Q 1 Wkh dqdo|vlv kdv srlqwhg rxw d prqrwrqh

ghfuhdvlqj ehkdylrxu ri �k/ dv vkrzq iru lqvwdqfh lq Ilj1v 4/ 5/ 61
Ohw xv qrz jlyh wkh gh�qlwlrq ri wkh vxe0rswlpdo vroxwlrq iru wkh Sureohp 41



Gh�qlwlrq 71 Iru d �{hg lqwhjhu Q A 4/ ohw eh P � 5Q � 6 d srvlwlyh rgg

lqwhjhu1 Zh gh�qh wkh iroorzlqj vxe0rswlpdo vroxwlrq=

{vr @ �
4

5
SQP � i +48,

zkhuh SQP lv wkh P 0gldjrqdo pdwul{ ri glphqvlrq Q �Q zlwk hqwulhv=

+SQP ,lm @

� �
K�4

Q

�
lm

iru ml� mm @ 3> 4> ===> P�4
5

3 iru ml� mm @ P.4
5

> ===> +Q � 4,
+49,

Uhpdun 81 Iurp +49, lw lv reylrxv wkdw wkh jhqhulf frpsrqhqw {vr +n,/ n@4/111/Q/

ghshqgv rq d volglqj zlqgrz ri qr pruh wkdq P frpsrqhqwv i +m, ri i 1 Wklv
phdqv wkdw wkh vxerswlpdo vroxwlrq/ dw hdfk wlph n/ uhtxluhv wkh nqrzohgjh

ri edqgzlgwk uhtxhvwv rq d vxe0lqwhuydo frqwdlqlqj qr pruh wkdq P�4
5

ixwxuh

vdpsohv e +m,1

Lq rughu wr yhuli| wkdw {vr lv d jrrg dssur{lpdwlrq ri {r/ zh lqwurgxfh dq

xsshu erxqg rq wkh huuru/ zklfk ghshqgv rq P dqg lv vx!flhqwo| vpdoo zkhq
P lv vxlwdeo| fkrvhq1 Lq idfw/ frqvlghulqj wkh qrup n�n

4
dqg uhfdoolqj wkdw

e +n, � D/ n @ 4> ===> Q / iurp +<, lw uhvxowv=

nin
4

@ pd{
n@4>===>Q

imi +n,mj � fo . 5fhD. 5fy{3 @ 5F

Wkhuhiruh

n{r � {vrn
4

@ pd{
n@4>==>Q

im{r +n,� {vr +n,mj @
4

5

���K�4
Q � SQP

�
i
��
4
�

�
4

5

���K�4
Q � SQP

���
4
� nin

4
�

� F pd{
l>m@4>===>Q

q����K�4
Q

�
lm
� +SQP ,lm

���r 1

Iurp +46, dqg wkh gh�qlwh srvlwlylw| ri Kl/ Nl/ zh kdyh
�
K�4

Q

�
lm
A 3/ l> m @

4> ===> Q 1 Wkhq/ iurp +49,/ wdnlqj wkh gh�qlwlrq +47, ri �k lqwr dffrxqw wrjhwkhu

zlwk lwv prqrwrqlf surshuw|/ lw uhvxowv=

pd{
l>m@4>===Q

q����K�4
Q

�
lm
� +SQP,lm

���r @ pd{

l>m= ml�mm@P.4

5
>===>+Q�4,

q�
K�4

Q

�
lm

r
@

@ pd{

k@P.4

5
>===>+Q�4,

�k @ �P.4

5

1

Wkhuhiruh zh kdyh=

n{r � {vrn
4
� F�P.4

5

1 +4:,



Lq rughu wr dqdo|}h wkh dssur{lpdwlrq ohyho jlyhq e| +4:,/ lw lv xvhixo wr

revhuyh wkdw li zh vhw=

P . 4

5
@ k +4;,

zkhq P lv dq rgg lqwhjhu uxqqlqj iurp 4 wr +5Q � 6,/ k dvvxphv wkh ydoxhv 4/
5/111/+Q � 4,1 Wkhuhiruh zh fdq uhzulwh +4:, dv iroorzv=

n{r � {vrn
4
� F�k 1

dqg dqdo|}h wkh dssur{lpdwlrq ohyho e| h{sorlwlqj wkh ehkdylrxu ri �k1
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Ilj1 51 Ehkdylrxu ri �k
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Ilj1 61 Ehkdylrxu ri �k
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Ilj1 71 Ehkdylrxu ri P

+fy@83/ fh@6/ fo@4,

Uhpdun 91 Dv lw dsshduv iurp Ilj1v 4/ 5/ 6/ �k dssurdfkhv txlfno| }hur/ iru hdfk

�{hg Q / zkhq k uhdfkhv d ihz xqlw ydoxh1 Wkhuhiruh/ dovr zkhq Q lqfuhdvhv/
wkh dssur{lpdwlrq huuru fdq eh nhsw orz e| dvvxplqj d vxlwdeoh erxqghg ydoxh

iru k1 Iru lqvwdqfh/ lq Ilj1 4 dqg lq Ilj1 5 zh kdyh �k ? 43
�5 zkhq k * :

+zklfk dprxqwv wr wkh nqrzohgjh ri rqo| vl{ ixwxuh vdpsohv ri e +m,, dqg wklv

yluwxdoo| iru hyhu| Q juhdwhu wkdq derxw whq1 Iurp Ilj1 6/ zh revhuyh wkdw



�k ? 6 �43�6/ iru hyhu| Q / dovr li k lv rqo| htxdo wr rqh +wklv phdqv wkdw {vr +n,/

n @ 4> ===> Q / ghshqgv rqo| rq wkh fxuuhqw uhtxhvw e +n, dqg qr nqrzohgjh ri wkh
ixwxuh lv uhtxluhg,1 Wkh vdph frqfoxvlrq lv dovr hylghqfhg e| Ilj1 7 zkhuh wkh

ehkdylrxu ri wkh sdudphwhu P / qxphulfdoo| rewdlqhg e| +47, wdnlqj +4;, lqwr

dffrxqw/ lv dovr jlyhq lq d 60glphqvlrqdo uhsuhvhqwdwlrq iru gl�huhqw ydoxhv ri �k
dqg Q / dvvxplqj iru lqvwdqfh fy @ 83/ fh @ 6/ fo @ 41 Iru �k dqg Q �{hg/ Ilj1

7 doorzv wr ghgxfh wkh fruuhvsrqglqj ydoxh iru wkh sdudphwhu P 1 Lw dsshduv
wkdw P txlfno| uhdfkhv d vwhdg| vwdwh ydoxh zkhq Q lqfuhdvhv/ iru hdfk �k1

� �� ��
	��
�� �� �
������� ����

Lq rughu wr whvw wkh dssolfdwlrq ri wkh rswlpdo dqg vxe0rswlpdo OVS fdsdflw|
doorfdwlrq surfhgxuhv/ zh kdyh frqvlghuhg d fdvh vwxg| rewdlqhg e| vlpxodwlqj

d vhtxhqfh ri edqgzlgwk uhtxhvwv1

Wr jhqhudwh wklv edqgzlgwk sur�oh/ zh frqvlghu hdfk uhtxhvw duulydo wlph
dqg hdfk uhtxhvw ghdwk wlph dv dq hyhqw1 Ehvlghv/ zh dvvxph wkdw wzr hyhqwv

rffxu dw wkh vdph wlph zlwk suredelolw| }hur1 Lq sduwlfxodu zh vlpxodwh wkuhh

vwrfkdvwlf surfhvvhv=

0 wkh �uvw rqh jhqhudwhv wkh uhtxhvwv duulydo wlphv dqg lw lv vlpxodwhg dv d

Srlvvrq surfhvv zlwk sdudphwhu � @
4
5
>

0 wkh vhfrqg frqfhuqv wkh wlph gxudwlrq ri hdfk uhtxhvw/ dqg lv fkdudfwhul}hg
e| dq h{srqhqwldo glvwulexwlrq zlwk sdudphwhu � @

4
8
>

0 wkh odvw rqh lv uhodwhg wr wkh dprxqw ri edqgzlgwk ri hdfk uhtxhvw/ dqg
iroorzv d xqlirup glvwulexwlrq rq wkh lqwhjhuv ri wkh lqwhuydo ^4/ 43`1

Rq wkh jhqhudwhg edqgzlgwk sur�oh zh vhohfw d wlph zlqgrz frqwdlqlqj Q @

73 vdpsohv1 Dv lqlwldo vwdwh zh frqvlghu {3 @ 44=6 fruuhvsrqglqj wr wkh dyhudjh

ydoxh ri wkh edqgzlgwk uhtxhvwv1 Xvlqj wkh deryh gdwd/ zh frpsxwh wkh rswlpdo

dqg wkh vxe0rswlpdo vroxwlrqv frqvlghulqj/ iru wkh sdudphwhuv fy/ fh/ fo/ wkh vdph
ydoxhv dv lq Ilj1v 4/ 5/ 61 Zh kdyh frqvlghuhg d vxe0rswlpdo vroxwlrq edvhg iru

lqvwdqfh rq wkh nqrzohgjh ri rqo| ; ixwxuh vdpsohv/ zklfk phdqvP @ 4:1 Qrwh

wkdw/ iru wkh fkrlfh fy @ 83/ fh @ 6/ fo @ 4 dqg dvvxplqj D @ 68/ Ilj1 7 doorzv wr
jxdudqwhh dq �d sulrul� dssur{lpdwlrq huuru zlwk uhvshfw wr wkh rswlpdo vroxwlrq

qrw juhdwhu wkdq 9181
Wkh uhvxowv duh jlyhq lq Ilj1v 8/ 9/ : zkhuh wkh vlpxodwhg edqgzlgwk sur�oh

lv dovr vkrzq1 Iurp Ilj1 8 zh hdvlo| yhuli| wkh deryh h{shfwhg dssur{lpdwlrq

ohyho1
Frqfhuqlqj wkh h�hfwv ri wkh frvw sdudphwhuv rq wkh rswlpdo vroxwlrq/ zh

kdyh wkh iroorzlqj uhpdunv=

0 qrwlqj wkdw wkh rswlpdo vroxwlrq lv gh�qhg prgxor d srvlwlyh idfwru lq wkh
frvw ixqfwlrq/ zh kdyh qrupdol}hg wkh frvw frh!flhqwv dvvxplqj dozd|v

fo @ 4>



0 wkh sdudphwhu fy/ zklfk zhljkwv wkh yduldwlrq vl}h frvw/ d�hfwv wkh eh0

kdylrxu ri wkh rswlpdo vroxwlrq frqvlghudeo|> lq sduwlfxodu wkh kljkhu lv
wkh ydoxh ri fy/ wkh vprrwkhu wkh vroxwlrq ehfrphv>

0 wkh sdudphwhu fh lq xhqfhv wkh �wwlqj fdsdelolw| ri wkh rswlpdo vroxwlrq

zlwk uhvshfw wr wkh uhtxhvwhg edqgzlgwk uhihuhqfh1 Qrwh dovr wkdw wkh vdph

sdudphwhu lq xhqfhv wkh �wwlqj fdsdelolw| ri wkh vxe0rswlpdo vroxwlrq zlwk
uhvshfw wr wkh rswlpdo rqh= wklv lv gxh wr wkh idfw wkdw/ dv fh

fy
lqfuhdvhv/ wkh

pdwul{ KQ dssurdfkhv wkh lghqwlw| pdwul{ dqg frqvhtxhqwo| {vr whqgv wr
frlqflgh zlwk {r1

D frpsdulvrq ehwzhhq wkh rswlpdo dqg wkh vxe0rswlpdo vroxwlrq fdq eh fdu0

ulhg rxw erwk zlwk uhihuhqfh wr wkh lqvwdqwdqhrxv dssur{lpdwlrq huuru dqg wr
wkh uhodwhg frvwv1 Iru wkh �uvw srlqw/ zh revhuyh wkdw wkh pd{lpxp ghyldwlrq

ehwzhhq {r dqg {vr lv ri derxw 6/ 3=5/ 3 uhvshfwlyho| lq wkh wkuhh frqvlghuhg fdvhv1

Lw lv zruwk qrwlqj wkdw yluwxdoo| wkh vdph qxphulfdo uhvxowv fdq eh iruhvhhq e|
h{sorlwlqj wkh xsshu erxqg jlyhq e| +4:,1

Frqfhuqlqj wkh uhodwhg frvwv/ frqvlghulqj iru lqvwdqfh wkh �uvw fkrlfh ri sd0

udphwhuv +fy @ 83/ fh @ 6/ fo @ 4,/ zh rewdlq M+{r, @ 99:5/ zkloh iru wkh
vxe0rswlpdo vroxwlrq +zlwk P @ 4:,/ zh kdyh M+{vr, @ :474/ zlwk dq lqfuhdvh

ri derxw 9=89(1 Lw dsshduv wkdw wkh frvw lqfuhdvh lv yhu| orz/ zkhq frpsduhg
zlwk wkh dgydqwdjh +lq wkh ehwwhu fdvh, ri glvfduglqj 64 ixwxuh vdpsohv e+m,1

Ilqdoo| qrwh wkdw/ li zh zdqw wr ixuwkhupruh uhgxfh wkh frvw lqfuhdvh/ zh fdq

lqfuhdvh P > dvvxplqj iru lqvwdqfh P @ 54 +43 ixwxuh vdpsohv,/ wkh ydoxh ri M
iru wkh fruuhvsrqglqj vxe0rswlpdo vroxwlrq/ ehfrphv 9;5:/ zklfk dprxqwv wr dq

lqfuhdvh ri rqo| 5=5:(1
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Dfnqrzohgjphqwv

Wkh Dxwkruv duh lqghewhg wr Surihvvru L1 I1 Dn|logl} iru klv hqfrxudjhphqw dqg

pdq| ydoxdeoh vxjjhvwlrqv1 Vshfldo wkdqnv duh dovr gxh wr Surihvvru I1 Ghool
Sulvfrol iru vrph xvhixo glvfxvvlrqv dqg wr W1 Dqmdol dqg M1 F1 Rolyhlud iru wkhlu

khos lq wkh uhdol}dwlrq ri wklv sdshu1

�������	��

^4` S1 Wulplqw}lrv/ G1 Jul!q/ S1 Jhrujdwvrv/ G1Jrghulv/ O1Jhrujldglv/ F1 Mdftxhqhw/

U1 Hjdq= D Pdqdjhphqw dqg Frqwuro Dufklwhfwxuh iru Surylglqj LS Gl�huhqwldwhg



Vhuylfhv lq PSOV0Edvhg Qhwzrun1 LHHH Frppxqlfdwlrqv Pdjd}lqh/ yro 6</ q1 8/

Pd| 53341

^5` U1 Fdoorq/ H1 Urvhq/ D1 Ylvzdqdwkdq= PxowlSurwrfro Odeho Vzlwfklqj Dufklwhf0

wxuh1 LHWI/ UIF 6364/ Mdqxdu| 53341

^6` D1 Ehujvwhq/ N1 Qhphwk/ L1 Fvhohq|l/ J1 Ihkhu= Ixqgdphqwdo Txhvwlrqv Uhjduglqj

Hqg0wr0Hqg TrV1 LHWI/ Lqwhuqhw Gudiw/ Mxo| 53341

^7` G1 R1 Dzgxfkh/ M1 Pdofrop/ M1 Djrjexd/ P1 R*Ghoo/ M1 PfPdqxv= Uhtxluhphqw

iru Wud!f Hqjlqhhulqj ryhu PSOV1 LHWI/ UIF 5:35/ Vhswhpehu 4<<<1

^8` I1 Jrq}dohv/ F1 Fkdqj/ O1 Fkhq/ F1 Olq= Xvlqj PxowlSurwrfro Odeho Vzlwfk0

lqj +PSOV, wr Lpsuryh LS Qhwzrun Wud!f Hqjlqhhulqj1 Surf1 Lqwhuglvflsolqdu|

Whohfrppxqlfdwlrqv Surjudp/ Vsulqj 53331

^9` J1 M1 Duplwdjh= PSOV= wkh Pdjlf Ehklqg wkh P|wkv1 LHHH Frppxqlfdwlrqv

Pdjd}lqh/ yro 6;/ q1 4/ Mdq 53331

^:` G1 R1 Dzgxfkh/ D1 Fklx/ D1 Hozdolg/ L1 Zlg|d|d/ [1 [ldr= D iudphzrun iru

Lqwhuqhw Wud!f Hqjlqhhulqj1 LHWI/ Lqwhuqhw Gudiw/ Mxo| 53341

^;` F1 Vfrjolr/ W1 Dqmdol/ M1 F1 Rolyhlud/ L1 I1 Dn|logl}= D qhz Rswlpdo Srolf| iru

Odeho Vzlwfkhg Sdwk Vhwxs lq PSOV Qhwzrun1 Surf1 4:wk Lqwhuqdwlrqdo Whohwud!f

Frqjuhvv/ Eud}lo/ Vhswhpehu 53341

^<` K1 Vdlwr/ \1 Pl|dr/ P1 \rvklgd= Wud!f Hqjlqhhulqj Xvlqj Pxowlsoh Srlqw0wr0Srlqw

OVSv1 Surf1 LQIRFRP 5333 +4<wk mrlqw Frqihuhqfh ri wkh LHHH Frpsxwhu dqg

Frppxqlfdwlrq Vrflhwlhv,/ Who Dyly/ Pdufk 53331

^43` F1 I1 Ilvfkhu/ U1 D1 Xvpdql= Surshuwlhv ri vrph wulgldjrqdo Pdwulfhv dqg wkhlu

dssolfdwlrq wr Erxqgdu| Ydoxh Sureohpv1 VLDP Mrxuqdo rq Qxphulfdo Dqdo|vlv/

Yro 9/q1 4/ Pdufk 4<9<1


